Chapter 2

S-Matrix Theory

Abstract: Inthis chapter, we discuss the S-matrix theory in quantum field theory.
Here, we first treat the non-relativistic scattering theory and its relation to the T-
matrix. In particular, we discuss the scattering problem in terms of the Lippmann-
Schwinger equation. Then we discuss the S-matrix theory in quantum field theory.
This is based on the perturbation theory and we present the example of the S-matrix
evaluation. In particular, we discuss some basic problems in the Feynman propagator
of photon and show a possible physical difference between Feynman and correct
propagators of photon.

Keywords: S-matrix, T-matrix, scattering amplitude, Lippmann-Schwinger equation,
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2.1 Introduction

All of the evaluation in quantum field theory in four dimensions should be based on the per-
turbation theory. This is simply due to the fact that there is no case in which the quantum
field theory models in four dimensions can be solved exactly, except a free field theory. In
this sense, we should understand how we can obtain physical information from experiments.
In most of the cases, the experimental information can be obtained by scattering processes
in which the incident particles collide with targets. In this reaction process, people measure
outgoing particles at fixed solid angles. Mostly they extract the differential cross section as
the important information on the structure of the targets or on the interaction between inci-
dent particles and target matters. Here, we describe the basic theoretical framework in the
S-matrix theory. The treatment should be first based on the non-relativistic quantum me-
chanics, and then we discuss the S-matrix expansion in the quantum field theory. It should
be noted here that the difference of the theoretical frameworks between non-relativistic
guantum mechanics and relativistic field theory is not very large as will be seen below. In
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20 Chapter 2. S-Matrix Theory

particular, the time development of the system is most important, and this property is just
the same between relativistic and non-relativistic wave equations. The only but basic differ-
ence is the kinematics in the scattering process, and this is, in general, not very significant.

2.2 Time Dependent Perturbation Theory and T-matrix

In four dimensional field theory models, we should rely on the perturbation theory. This is,
of course, due to the fact that there is no model field theory which can be solved exactly,
except the free field theory. In this case, the strategy of the theoretical calculation is always
based on the perturbation theory in which all the physical observables can be described
in terms of the free field terminology, that is, electron and photon in the case of quantum
electrodynamics.

2.2.1 Non-static Perturbation Expansion

Now we consider the system in which the total Hamiltonian can be written as the sum of
HyandH;
H = Hy+ H; (2.1)

where it is assumed that all the solutions of the Hamiltodigrare known and als@/; is
relatively small. In this case, the eigenfunctions and eigenvalues of the Hamiltdpiean
be written as

Houy(r) = Epup(r), n=1,2,---. (2.2)
The eigenfunction.,, (r) should satisfy the following orthogonalty and completeness con-
ditions

(Untim) = Opmy > [tn) (| = 1. (2.3)

n

The state vecto¥ (¢, ) can be expanded in terms of the wave functigiir) as

U(t,r) = Zan(t)e_iE”tun(r). (2.4)
Now we insert this state vector into the Sgtiinger equation
oV (t
DY) (b 4w ) (2:5)

and we obtain

Z [z dagt(t) n Enan(t)} e~iBnty, (1) = Z(E” + Hp)an(t)e Frtu, (r).  (2.6)

n
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By operatingu,t(r) from the left and integrating over the three dimensional space, we obtain

dak (t)
dt

=iy "B E o Hifup)an (). (2.7)

n

This integral equation can be formally solved, and we obtain
t
ar(t) = ar(0) — 12/ dt'e" PR =Bt (| Holug Y an (8) (2.8)
— Jo

which is just the equation for the S-matrix evaluation. This is, of course, the same as the
relativistic treatment which has the same time dependence as thid8ajer equation.

2.2.2 T-matrix in Non-relativistic Potential Scattering

Here we consider the scattering process in the potential model where the Hamiltonian is
given as

/\2 1
H=Hy+V, with Hy=2 =~ v2 (2.9)
2m 2m

The main aim is to calculate the scattering T-matrix in the potential scattering process. For
the scattering problem, it is easier if we start from the Lippmann-Schwinger equation

1

—pb—
V=Yt T o e

(2.10)

where+ie is introduced because of the boundary condition that we take out only the out-
going wave. This is very important, and the Lippmann-Schwinger equation has already the
proper boundary condition in itself. Herg,denotes the state vector which can satisfy the
following free wave equation

(E — Ho)p =0 (2.11)

and we normally take the plane wave solution with the incident ener@@f%
p(r) =e*T (2.12)

where the normalization consta@%7 is set to unity. Here, it may be worthwhile noting and
making a comment on this normalization constant. Since we set the normalization constant
to unity, the wave function does not have a proper dimension, and thus the T-matrix as well.
However, this is all right since all the physical observables in scattering processes should
be given as the ratio between outgoing flux divided by the incident flux.

Now the Lippmann-Schwinger equation can be rewritten more explicitly

Yp(r) = e* 7 4 /d?’r'G(r,r')V(r’)@sz(r’) (2.13)
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where the Green'’s functiofi(r, r’) is defined as

d3p / 1 m 1 A /
G n _ p(r—)___ -~ = iklr—r'], 2.14
)= | e e g i vl .
m m

At larger compared to the potential range, we find

G(r,r') ~ —%eil‘”’e—ik,"", with k' = k7. (2.15)
Since the scattering amplitudék’, k) is defined by the following equation

ezk'r

Yp(r) = e + f(K k) . (2.16)
the f(K', k) can be given as
f(K k) = —% / B e TV (2 g (). (2.17)
In this case, the probabilit¥ of finding particle at the area ofd) should be
PO = j”de. (2.18)
Since the current density in the non-relativistic case is given in eq.(1.54), we find
Therefore, we obtain the differential cross sectggn: P as
= i R (2.20)
Here, we define the scattering T-matrix by
(K'|T|k) = (K'|V]ihx) (2.21a)
which is related to the scattering amplitude as
Fk k) = —%W\Tyky (2.21b)

This T-matrix can, of course, satisfy the Lippmann-Schwinger type equation which can be
written as

, , dgk‘”
K'T\k)=(K'|V|k
WITIR) = (R VIER) + [ T
It may also be important to note that the scattering amplitude as well as the T-matrix are not
yet determined completely, and if one can solve the above equation exactly, then one can
determine all the information on the scattering T-matrix.

(K'[VIE") (k"]

Fo W EITIR).(2:22)
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2.2.3 Born Approximation

In the normal case of the potential scattering, one cannot easily solve the Lippmann-
Schwinger equation, and therefore it is important to make a reasonably good approximation.
The best known approximation method is the Born approximation in which we obtain the
T-matrix by replacing the exact state vectay(r’) by the plane wave® ' In this case,

the scattering amplitudg(k’, k) becomes

fe(k k)= 2 AP Ry (), (2.23)

™

Correspondingly, we can obtain the T-matrix with the Born approximation as

(K |T|k) s = (kK'|V k). (2.24)

Rutherford Scattering

If the potential isV'(r) = & (Coulomb scattering), then the scattering amplitude can be
easily calculated in the Born approximation, and one finds

2ma
k/ m/d3 1 i(k—k') 7:_7. 2.9
f T‘/ |k _ k”Z ( 5)

Therefore the differential cross section of the Rutherford scattering becomes

do a?

o = |k K) = (2:26)

4m?2v4 sin g

Even though we make the approximation, it is well-known that the Rutherford cross section
obtained by the Born approximation is found to be almost the same as the exact result by
solving the Lippmann-Schwinger equation in a proper way.

This result can be compared with the Mott scattering formula which is obtained by
calculating the relativistic T-matrix

do a? 9 . 9 0)
— = 1 —v”sin” = 2.27
a2 4(m?+ k2)vtsin® § < 2 (2.27)
. . _ k ~ ﬁ _ P . . .
wherev is given asv = TrE S om at the non-relativistic limit.

2.2.4 Separable Interaction

The Lippmann-Schwinger equation for the T-matrix cannot normally be solved analyti-
cally. However, there is a special potential which can be solved analytically, and this is the
separable interaction. The separable interaction is assumed to have the following shape

(K'|VIk) = Ag(K')g(k) (2.28)
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whereg(k) and A denote some function and the interaction strength, respectively. Here,
this interaction is a highly non-local, and therefore, this is a toy model. In this case, the
T-matrix equation becomes

3 1.1
WITIR) = M(k)a(k) + Mgl [ o G TR (220)
where 1
n o " "
Gk = (K| ), (2:30)
This equation can be easily solved by assuming the following shape for the T-matrix
(K'|T|k) = B(E)g(K)g(k). (2.31)
In this case, the equation for the T-matrix can be written as
dgk”
B(E)g(K)g(k) = Ag(K')g(k) + AB(E)g(K')g(k) / (QW)g[g(k”)]QGE(k”)
which can be solved fo8(E') and we find
A
whereF'(E) is defined as
FE) = [ SR Pes) (2.33)
= (27‘()3 g E . .
Therefore, the T-matrix is completely determined as
/ _ A /
(K T10) = gy oK o) (2.34)

In this way, one sees that the T-matrix equation for the separable interaction can be solved
exactly. This is quite important since we can understand the basic structure of the T-matrix,
even though the separable interaction is not realistic.

2.3 Interaction Picture and Definition of S-matrix

In the non-static perturbation theory, we obtain the integral equation for the ampljtide
as

t A )
n(t) = au(0) — i S [ e BB g ) ).
n Y0

Here, we want to derive the same type of the equation as above in terms of the interaction
picture. The main difference should be that, in the interaction picture approach, we do
not make any expectation values of the interaction Hamiltonian with the state vectors, and
therefore the integration over the space is not yet done. In addition, the Hamiltonian should
be taken as operators by introducing the Fock space.
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2.3.1 Interaction Picture

Now, we introducel'; as
U = etHoty, (2.35)

It should be noted that the new state veclor is different from the original one only
because of the time rotation. In this case, the 8dimger equation becomes

ot r
Zla(t) = Hy(t)U;(t,7) (2.36)
whereH;(t) is defined as
Hi(t) = etHot fpe—iHot, (2.37)

2.3.2 S-matrix

Now we make the same procedure as above by opema@i(ng from the left and integrating
over the space. If we defing,(¢) by

a(t) = (uk|¥r)
then we obtain exactly the same equationdp(t) as eq.(2.7)

day(t)
dt

= =iy B | Hilup)an (t).

n

Here, we take a slightly different approach by still keeping the Hamiltonian as operators.
Instead, we introduce the matiix(¢, to) as

W (t) = Ut to)¥i(to) (2.38)
and thus we obtain the following equation

AU (t, to)
ot

This equation can be easily solved in terms of iteration method, and we find

i

= Hi()U(t, to). (2.39)

t t t1

Ult,to) =1 — z/ dt Hy (1) + (—1)2/ dtl/ dts Hy (1) Hi(ts) + - . (2.40)
to to to

However, this is not a very convenient shape when we define the S-matrix, and thus we

introduce the T-product as

H[(tl)H](tz) (tl > tg)

T{H(t1)H(t2)} = { (2.41)
H[(tQ)H](tl) (tl < tg).
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Therefore, we can rewrite the matdiX(t, ¢y) as

t
Ult to) = 1 — i / dt Hi (1) + / / dt s T{H (0 Hi ()} +
to to Jto
Now we can define the S-matrix as
S=1-— 2/ dtlH](tl / / dtldtQT{H[(tl)H[(tg)} .- (2.42)

which can be symbolically written as

S = T{exp (i/d4xH1)} with  Hj(t) = /d3rH1

We note that the S-matrix is still an operator since the Hamiltonian should be an operator
after the field quantization.

2.4 Photon Propagator

When one calculates the S-matrix elements in the process of the electromagnetic interaction
H' = e [ j,A*dz in the second order perturbation theory, then one has to evaluate the
propagator of photon. This is written as

(O T{A" (1) A" (22)}/0) (2.43)
whereA*(x) is given as
ZZ 2vw E,Z N |: L e —lwgt+ikr + Ck’)\e’iwkt—ik-’l‘} ) (244)

This should be a solution of the following equation of motion for the gauge field
Ou(OMA” — 0V AF) = 0. (2.45)

In this case, a question may arise as to how we can calculate the propagator of photon since
the photon fieldA has one redundant degree of freedom. As we discuss below, there is
some problem for determining the propagator of photon.

2.4.1 Free Wave of Photon

Now, the S-matrix evaluation should start from the free wave equation of motion. This
means that we should not put thefunction in the right hand side of the equation of motion
for photon. Indeed, if we start from the free wave equation of motion, then we should insert
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the solution ofA#(x) in eq.(2.44) into eq.(2.45) and obtain the following equation for the
polarization vectoe;; , as

k2et — (ke k" = 0. (2.46)

This equation can be written in terms of the matrix equation for the polarization wéctor
as

3
D (kg™ — k' e, =0
v=0
where we write the summation explicitly. In order that #teshould have a non-zero
solution, the determinant of the matrix should vanish, namely,

det{k*g" — kMk"} = 0. (2.47)
Thus one finds the solution of this equation
k=0
which is a proper dispersion relation of photon. Then, we insert it into eq.(2.46) and obtain
ket =0 (2.48)

and this is the solution for the polarization vector. This is the same equation as the Lorentz
gauge fixing and thus the Lorentz gauge is not a proper gauge fixing even though people
often use it. At this point, we should require the gauge fixing condition, and for example,
we choose the Coulomb gauge fixing\gf- A = 0. In this case, we obtain a condition for
the polarization vector as

k-e= 0, €) = 0.

This gauge fixing is most natural, and we should take this condition which can guarantee
the number of freedom of photon, which is two.

2.4.2 Feynman Propagator of Photon

Before going to the evaluation of the photon propagator in detail, we should make a com-
ment on the Feynman propagator of photon [2]. The propagator of photon which is known
as the Feynman propagator can be written as

gt

k2 — e’

DY (k) = (2.49)

This is a standard photon propagator which can be found in most of the field theory text-
books. However, it is also well-known that this propagator cannot satisfy the condition
of the polarization summation in a correct way. This is clear since it cannot satisfy the
following equation

kl/
pv _
kD% (k) = — # 0
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where the left hand side should be zero due to the Lorentz condition. Further, it cannot
satisfy the Coulomb gauge condition, and therefore whatever they invent, there is no way to
claim that the Feynman propagator is a right one. However, as will be seen below, Feynman
propagator can reproduce the same T-matrix of the fermion-fermion scattering as the one
calculated from the correct propagator as long as the scattering particles are on the mass
shell. Since the agreement of the T-matrices evaluated from the two propagators is entirely
based on the free Dirac equation of the fermions involved in the scattering process, the
Feynman propagator cannot be applied for physical processes involving fermions which
are not free or off the mass shell.

2.4.3 Calculation of (0|T{ A*(x1)A¥ (x2) }|0)

Here, we should evaluate the denominator of the propad@fdof A*(x1)A” (z2)}|0) ex-
plicitly in order to avoid any confusions. First, we insert the free solution of the vector
potential in eq.(2.44), and find

1
0|T{AH(z1)A" (22)}]0) €k € %
<| { (1 2}| Zka,)\k,)\

kA kN
<O\T{<Ck>\e L k) (cL, e ck,,xeik’m)} 10) (2.50)
which can be calculated to be

2 3 ) ‘
OT A ) @H0) = 3 [ s diachn (000 + € 0(0)) (251
A=1

where we define
x=x1—x2, O(t)=1"for t>0, 6(t)=0 for t <O.
By noting the following complex plane integrations

e k! for t>0

/oo dko eikot 2w
— = (2.52)
oo (2m) KR — K% —ic ,L-E;:kat for £<0
k

we can rewritg0|T{ A¥(z1) A" (x2)}|0) as

4 ezk T1—22)
(O[T L AP (1) A¥ () }0) = —i / (;T'; — Zek/\e,“\ (2.53)

This is just the propagator of photon. Now, the problem comes up when we evaluate the
summation of the polarization vector.
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2.4.4 Summation of Polarization States

Up to now, we have presented the expression of the propagator evaluation of photon without
making any comments on the field quantization, Now, we should quantize only the vector
field A which depends on time. The Coulomb fielfl is already solved from the constraint
equation, and thus it cannot appear in the S-matrix expansion. Therefore, we have the
condition thaty = 0. In addition, we should respect the Coulomb gauge condition

k- €\ = 0.
Now, we are ready to construct the numerator of the propagator of photon, and we find

2
u " kakb
Z%,Aflfc,,\ = <5 b 12 > (2.54)

A=1

which is the only possible solution for the summation of the polarization vector. Note
that this can satisfy the condition &f- €, , = 0, because the left hand side of eq.(2.54)

multiplied by £* becomes
2

k;a Z €Z7>\627/\ =0
A=1
while the right hand side can be calculated as

kokb k2kb
a ab _1.b _
k <‘5 ‘z@)—k ~ e =0

and thus eq.(2.54) can satisfy all the conditions we have for the polarization vectors. There-
fore, the propagator of photad® becomes

DP(k) = ! (5abkakb>. (2.55)

k2 —ie k2

2.4.5 Coulomb Propagator

The Coulomb part is solved exactly since it does not depend on time. Namely the equa-
tion of motion for the Coulomb part is a constraint equation which has nothing to do with
the quantization of field. Note that the field quantization should always involve the time
dependence of fields. Now, the equation of motion forAHgpart can be written as

V24° = —e)y %y = —ej%(x) (2.56)

which is a constraint equation. However, the right hand side is made of fermion fields, and
the quantization of the fermion fields is already done. It should be noted that the Coulomb
case is calculated from the first order perturbation theory since it arises from

He=e / PO, 7) A ()P — % / (VA9
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In this case, the interaction Hamiltonian between two Dirac figidsnd j9 becomes
2 0 0
He = < / Ji(@1)Jz (m)d?’mdgrg
8m |r1 — 7o
which can be rewritten in terms of the momentum representation as
Z0( )50 3
J1(@)ja(—q) d°q
Hg = é? : 2.57
A e (257
On the other hand, the propagator of photon should be calculated from the S-matrix ex-
pansion in the second order perturbation theory. Therefore, the Coulomb propagator is
completely different from the photon propagator which is calculated from the S-matrix

expansion. However, the Coulomb field interaction should be always considered for the
scattering process since fermions are already quantized.

2.4.6 Correct Propagator of Photon

The correct propagator of photon is given in eq.(2.55), but if we consider the scattering
process such as electron-electron scattering in which the scattering particles are all on the
mass shell, then we should add the Coulomb scattering in which the Coulomb propagator is
employed. Therefore, the total propagators of photon together with the Coulomb scattering
become

DCO“l(k:) = é AY — part

(2.58)

k2—ie k2

D (k) = <5ab — kakb) A — part.

2.5 Feynman Propagator vs. Correct Propagator

Here, we discuss the equivalence and/or difference between the T-matrices which are cal-
culated from Feynman and correct propagators, The discussion of the equivalence between
them is usually found in old field theory textbooks [3, 4]. However, this equivalence proof

is valid only if the propagators appear in the scattering processes with free fermions. There-
fore, if there is a loop involved such as the fermion self-energy, then the expected equiv-
alence cannot be valid any more. Later in this section, we discuss some physical effects
which may arise from the T-matrix difference between the Feynman and the correct propa-
gators.

2.5.1 Scattering of Two Fermions

As an example, we present the scattering T-matrices between two fermions in which one
fermion with its four momentunp; scatters with another fermion with its four momentum

pe, and after the scattering, we find two fermions with their momenta ,0dndp’,. The

four momentum transfer is defined @s- p1 — p'; = p'y — po.
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(a) Feynman Propagator

In the case of Feynman propagator as given in eq.(2.49), the T-matrix can be written in a
straight forward way as

[\

T = % [a(p' )7 u(p) a2 )7y u(p2) — a@'Jyulpy) - a(p's)yu(pz)] . (2.59)

Q

(b) Correct Propagator

Now, we evaluate the T-matrix with the correct propagator of photon which is given by
eq.(2.58). First, the T-matrix from the Coulomb part can be written as

2
(&
7 = ?Q(Pll)’YOU(Pl)ﬂ(P/z)’YOU(m)- (2.60)
On the other hand, the T-matrix from the vector fisldoecomes
e2 1
W = p a(p'y)yu(p)a(p's)yup2) — a(p'y)y - qU(pl)?ﬂ(p’g)v : QU(pz)}

(2.61)
Now, we make use of the free Dirac equations for two fermions at the initial and final states

(b1 —mi)u(pr) =0, a(p'1)(#'y —m1) =0, (b — ma)u(pz) = 0, a(p'y) (s —ma2) =0

and thus we can rewrite

u(p')y - qulpr) = (' )V ulp)d), w2y - quip2) = —u(p'2)7 u(p2)qd
whereq) = E; — Ey' and¢§ = Fy — Ey'. ThereforeT“) becomes

62 0.0
T = o ﬂ(p’l)'yu(pl)'ﬂ(p’z)‘w(pz)+ﬂ(p’l)vou(pl)%a(pb)v%(pz) - (2:62)

Note that one may be tempted to assume gflat —q¢J = ¢ at this point. However, the
energy conservation can be used only at the final stage of the calculation, and therefore,
the evaluation of the T-matrix should be done without using the energy conservation. It
should be noted that the on-shell scattering processes like the fermion-fermion scattering
must conserve the energy, and therefore one can employ the equfation-¢3 when one
calculates the cross section. Now, it is easy to check that the siify bandT(Y) becomes

62
7 + 7 = “ [a(p' )7 u(pr)u(p'2)7 ulps) — a(p'y ) yulpr) - a(p's) yu(p2)]

*(4°¢" + q799) _ )
+ oy : 2)U(p’l)vou(m)U(p’Q)VOU(pz). (2.63)

As can be seen, the T-matrix calculated from the correct propagator has an extra-term which
is not found in the T-matrix evaluated from the Feynman propagator. Therefore, there exists
a clear difference between the two T-matrices in the fermion-fermion scattering case.
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Energy Conservation in T-matrix

Now, if one uses the energy conservationpt= —qJ = ¢°, then the Feynman propagator

can reproduce the right T-matrix for the fermion-fermion scattering cross section as one
can find the equivalence proof in old textbooks [3, 4]. Indeed, the on-shell scattering case is
justified because the energy conservation is taken into account for the whole system. This
should be one of the strong reasons why people accepted the Feynman propagator.

2.5.2 Loop Diagrams (Fermion Self-energy)

As one sees from the comparison between the Feynman and correct propagators, the use
of free Dirac equations play a very important role. Therefore, it is most likely that the two
propagators should give the very big difference for the fermion self-energy type diagrams
in which intermediate fermions do not satisfy the free Dirac equations.

(a) Feynman Propagator
Using the Feynman propagator, the self-energy of fermion can be easily written as

d*k 1 1 e? A
»(F) :_'2/ 1 — — Inl Z ) (—pa4
W) =" | Gy i —myie | =i s M) AT
(2.64)

which is just the self-energy contribution normally found in the textbooks.

(b) Correct Propagator

The self-energy of fermion with the correct propagator has never been calculated up to
now, but we should evaluate it since it is very important to examine whether this self-
energy contribution can agree with the normal self-energy contribution with the Feynman
propagator. First, the Coulomb part does not contribute to the fermion self-energy because
of the equal time operations, and thus we should only calculate the contribution from the
vector potential part which can be written as

d*k 1 RCAEETS

a

() () — ie?
=) ’e/(zw)ﬂﬂ—u—mws” K2 —ie (2:65)

What we have to calculate and see is whethenth® (p) should be the same &%) (p)

or not. From the calculations, one sees that it does not agree with the one calculated from
the Feynman propagator. In this respect, there is no reason any more that one can employ
the Feynman propagator for the calculation that involves the photon propagation unless all
fermions are on the mass shell.




