Appendix

1.00
(a) D00OD

df . flz+Ax)— f(x) Af

— = lim = lim -
dx Ar—0 Ax Azx—0 Ax

(byoooo

da) _
dzx dudzx

**example:

)= ufa)=e
00 (*)00
df(u(l’)) — df du _ Quet = 2e*

dx du dx
OO0 oooogon

flz)=u*=¢* 00 %ﬂl:%%
(¢)0D0O

df(x,y)
Ox

=[y0000 00000]

**example:

fla,y) = 2"y"

afﬂl’vl/} — nxn—lyn
dx

()ooO
f((t),y(1),) 00D

d_Ofde Ofdy  Of
dt Oz i dy it ot (+)

**example:

Fle(t), g0), ) = 22y
xr=sint y=cost
0O ()00
% = 2zy?e* cost — 2yx?e* sint 4 ax?y?e
= sin 2t cos 2te®t + ia(sin 2t)26‘”
U0 ogoooogod
f(@(t),y(t),t) = sin®t cos® te® = L(sin 2¢)%e"
% = sin 2t cos 2te® + ia(sin 2t)% et

2.0000
(z,y) = (w,v)  namely  (u(z,y),v(z,y))
du = a—Zd:L' + g—Zdy (%)

()



9z~ dzou tozaw
0 oo o
dy  Jdydu Oy v

3. Grassmann 0O O

a,b0000

axb=—-bx*xa (%)

OO00000000000000000o0ooooag
U0 du,dv 00 Grassmann DO OO0 O0OO00OO0O0O0O

duxdv = (—xd:p + 8_ydy) * (a—xd:p + 8_ydy)
Ou Jv du Ov
= (————)dz*d
(8x8y8y8x) rray (+)
8u@ 8u@

9vdy ogor )

J O Jacobian O 0O OO

oy u
=% % o
br Oy
4. 0000
(a) example: (z,y,z) — (r,0,9)
x = rsinfcos¢
y = rsinfsing
z = rcosb

dr = sinfcos odr + rsinf cos ¢df — r sin 6 sin ¢pdo
dy = sin#singdr + rsin 0 sin ¢df 4 r sin 6 cos pdo
dz = cosf@dr — rsinfdf

O000 Jacobian J O OO0 O
O:J=r?sinf
(b) example: OO0OOO A



0 0?07

A= Ox? + Oy? + 022 (+)
19 ,0 11 9 . ,0 1 9

A= T_QET E—I_r_?sineﬁsme%—l_rsin@?w (+)
1o 0 1 02 0?

A = 5 o + 7“_287452 + 92 (*)

(c) example: 0O 00 (ds)?

000000 :  (ds)? = (de)® + (dy)?* + (dz)® (%)
ooQd: (ds)? = (dr)* + (rdf)* 4 (r sin 0de)? (%)
0000 :  (ds)? = (dr)? + (rd0)? + (dz)* (%)

(d) Taylor OO

1 1

flz+h)= flz)+ f(x)h+ §f (x)h* + - + %f(n)(x)h” +-

**example:

1
(1+a2)” = 1—|—oz:1;—|—§oz(oz—1):1;2—|—-

T = 1—|—%x—%x2—|—--- (%)
il AL e S
In(1+2) = :1;—%:1:2—%%:1;3—%:1:4—%
e’ = 1—|—:1;—|—%:1;2—|— (*)
sine = x—%xS—l-"' (*)
cosx = 1—%:1;2+"' ()
**Euler 00 0O
e = cos + isin b (%)

“Taylor 00000 Euler DODOOOOO0OO

(*)

(13)
(14)
(15)
(16)
(17)
(18)

(19)



5.00000

Definition:

_du ,du
BT

(a) example :

i 4 w?u = 0 (%)
O: Put u = e*. Then

(a2 + wz)e“t =0

a = tw
Therefore, u has two solutions.

U = €2w7 e—zw

A general solution must be a linear combination of the two solutions.
U= Ae™ 1+ Be™™

From Euler’s formula (ew = cosf + isinf),

u= A"sinwt + B’ coswt

Note: A, B, A" and B’ are arbitary constants which should be determined from the
initial condition.

(b) example :

O : Multiply @ to the both sides above.
dg

ua:ua—u
1du2_dg
2 dt  dt
1

du

S ——
2(g(u) + C)



(c) example :
Linear Differential Equation:
d"u u
anw—l—---—l—ala—l—aou:()
a:
Put v = e** . Then

a, " + -+ aya+ag =0
The solutions are
uy = ey, = eont
Therefore, general solutions are
u=ce® 4. 4, e

Here, «,, are roots of the equation.



6. 00

Definition: a = (ay, az, -, a,)
*00000o0oogagx**

“00% a-b=ayb, +a,b, + a.b.
*W0000% O (a-b)=dab, +ab, +ab,

= (ayb, — a.by)ex + (asb, — azb,)ey + (azb, — a,b,)e,

*DDD*|a|:,/a§—|—a§—|—a§

KR [] [] Rk

*axa=0

*a-(bxec)=(axb)-c
“a-b=|a|lb]cosb
*laxbl|=|a]||b|sind
“faxbl?=|al|b[ —(a-b)’
*ax(bxc)=(a-c)b—(a-b)c



7.gno
*n0OooonQo o* A:{Aij}J:l?...?n j:17...7n
0000 (A7) = A5
0000 * (A, = Aj;
00ooo*  (Ah); = Aj
*OO0o0O0ooO * A=Af
*pog =

det(A) = Z 6(m1~~~mn)141m1 e Anmn (*)
P

where €(p,...;m,,) s +1 for even permutation and —1 for odd permutation.
kR[] [ ok

det(AB) = det(A)det(B) (%)
*0000 Tr *

=1

Kok [] FH
Tr(AB) =Tr(BA) (%)

det(A) = exp(Trin A) (%)



s.0uggobod

Au = qu
a: OO0 u: 0oond
]
Ug
u =
L Un |
ogoogg
ZAZ']‘UJ‘:CLUZ'

7=1
O OOO0O0OnQ**s*
(Ajjuj —aw;)) =0 (%)

1

J

n

D (A —adij)u; =0 (%)

7=1
Here 6,5 is 1 for 2 = 7 and 0 for ¢ # j.
000 ;0000000000000 w; 20000000000

det(AZ’]‘ — G(Sij) =0 (>I<)

KR [] [] Rk

** Any eigenvalue of Hermite matrix must be real. **
a:

(u,Au) = a | u |*= (A'u,u) = (Au,u) = (au,u) = a* |u |*
Therefore, we obtain a = ¢* which means « is real.
** The determinant of any unitary matrix is 1. **
a:

det(UTU) = 1

On the other hand,



det(UT)

I
[

€(my-mn)

=0 T

| det(U) =1,

* *
m1l Mnpn

E(Tnl"'mn)Amll Cee Amnn)*

6(m1~~~mn)A1m1 ce Anmn)* — (det(U))*

| det(U) |= £1



9.00

o0
/ e “dr =
0
o0
/ e %dr =
0
oo 2
/ e dr =
— 00

° 2 1 2
/ T n+ e—aac dl’ —
0

o0 2 2
/ e dx =
0

/5 g(x)dx
o [z —a)(z— B2

(*)
, 0" 1 n!

!
(e = ()

dama  art!

N[

(o] 2 (o] 5 o0 2 2
(/ e d:li/ e Vdy)z = (/ e rdr/ df)
o e o o

1 n!
5@”"‘1 (*)

(—1y" o1 (-7

/0% 2g(a + (8 — a)sin® 0)db (%)

dan 2V a  9n+ignts

O Put:z;:oz—l—(ﬁ—oz)sinzﬁ

M = i atan @) cos 08d0
(2% + a?)3 az/f( )

O: Put x = atanb

J

10.0000
Using the identity

Putting f' = F,

**example™™

sin 0 = ["cost0d) =T (%)

0

(fo) =fg+fg

/ng:z; = fg—/fg/d:zj (%)

/lnxdx:xlnx—x—c

10

(*)

(*)

1
2

@



11.ggooog
() 00000 2,y,2

i. gradient
0A 0A 0A
gradAy = VAy = 8:1;0 e, + 8y0 e, + 820 e,
ii. Laplacian
ZA ZA ZA
VA= Ady = Lo T T A

0x? + Oy? + 0z?
m.ugogdoododoouooodoooo

A=Ae,+ Ae, + Ae,

iv. divergence

. _ B 0A, 0A, O0A.
divA =V . A= 5 + 3y + 5

v. rotation

_ _[0A, DA, 0A, 0A, 04, 0A,
rotA:VxA—(ay — aZ)egg—l—(az — 8:1;)ey+(8:1; — ay)ez

(bh)yOOOOO re,z

i. gradient
aAO 1 aAO aAO
0 arer—l_racpew—l_ azez

ii. Laplacian

10 ( 6A0) 1 0%A, 0*A,

2
A= = i — 7
Vido ror " or r? 0p? + 022

m. 0odddddodooooooooood
A=Ae + Ase,+ Ae,

A=A cosp+ Aysing, A, =—A;sinp+ A, cosp

iv. divergence

10 10A, 0A,
VA=A Lt

v. rotation

10A,  0A, 9A, A, 10 10A,
WA—(;ag@ - az)er+(az —W)eﬁ(;a(”‘w)—;%)ez

11



(0000 rbe

i. gradient
A, 194 1 A,
Vo= et 0 o T g 0y o

ii. Laplacian

10 0A 1 0 0A 1 0*A
QA — = 2 0 Y . 0 0 0
Vo r2 or (r ar ) + r2sinf 06 (sm 00 + r2sin? § dip?

n. 0oggooobooooooboood

A=Ae + Agesg + Age,
A, =Aysinfcosp+ Aysinfsingp + A, cosp
Ag = A, cosbcosp+ Ay cosbsing — A, sing
A, =—A,sinp + A, cosp
iv. divergence

1 0A,

L a,, 0 .
V-A=——(rA)+ —(sin 0 Ag) + sl 0o

rZ or rsin 8 00

v. rotation

1 g, . 0Ag 1 1 04, 0
rsin d (%(sm 0A.) = %) et r (sin@ 0y a E(TA@)) ©0

1 (0 0A,
i (E(TA” - W) ®
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