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1.1 OOogggdg
O00O00O00000O0000 Hamiltonian O
Hy=—e [ j.-Adr (1.6)
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Ooooo w ooooooooooooo
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0000000 |FS) 0000000000000 000000000ooooooooo
0000000000000 0000000000Oow® 0 ;00000

WO =H; =—¢ [ jo- Ad’r (1.8)
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1.1.1 Vector Current j,.
000 Vector Current j. [
Je = Uy (1.9)
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P = ly° (1.10)

00000000000 0000000000 Lorentz 0OOOO0D0DOO0OO0ODOO
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u o (1 0 (0 o
7= 00,7), = (0 _1> s = (__a 0) (1.11)



8 1o 0Oooboogo

000000000000 Dirac 000000000 9,(r,t) 00000000 O0OOO
goobooogon

Up(r,t) = bt (1.12)

1
Up WQ

Dubdbdodboodlw, DO00D000400004dd

Ep+me XS 1 0
TN, <—E;’fine><s>’ v (0) v (1) o

Oobodobodiodxy 0 xy, dboooogogodod

1.1.2 Vector Current 3. 0000000

oob g 0000000000 OOOOO0ODODOODODOODODODOOOOODbOODOO
OO0b0ob00oobOoooooooooonD y, OOoboobOobobO0odOdDirac OO OO
0000000000 ¢(r) 000000000000

E,+m,. 1 1 1 1 .
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0000000000 (1.21)0
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e
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2.1 Weak Vector Boson [ [] [ Vertex Corrections

O0O00000000000 Vertex Corrections 0 OO0 O Weak Vector Boson O
O0000000000000000Z%boson DOODOOO0DOOODOODOO
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0000000000 p=p 000000000 Feynman trick 00000000
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00000000000000000000000000000000000000000
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gbobobuooobobboooobobon

l/dﬂffrgizgﬁ:(_W”ﬁ_fgg_y%w (n>3) (2.9)
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gooooo k—IQDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gogodgoouoooooog
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(2.10)



14 O 20 Vertex Corrections
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000000000000 (2.11)000000g—200000000000000000
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000000000 ¢g—20000 Z%boson O Vertex Corrections 00 0000
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D0ODO0000D0ODO0 wg O SU(2) O Weak Vector Boson 000000
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O000M, O Weak Vector Boson 000000000 W OOODOOOO My ~
80 GeV/c* 0000 Z%boson 0 Mz ~91 GeV/c? 000000 D (3.1) 0000000
O00D0Oo00oooooooon



16 30 DbDoOooboobood

3.1.1 000000000

ooooooboodg v, obooboobooo

v, = (i) (3.3)

OOooooboooonD ¢ 09y, 00000000DO000O00O0O0DO00bO0OODO0ObO0OOg

0000 me O
. 0
me = (m ) (3.4)
0 m,

000000000 Fermion Current Jﬁ 0 Weak Vector Boson OO QO QO QOO
Jo =Wy (1 —5)700y, G, = 0w —o,W; (3.5)
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3.1.2 000000

ggddodoooouooobobbbbbbbbbodododooooooaooobobo
gbobogboboobbooobbuooobboobbobboooobbuooobboobn
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3.2 UO0OOO0OOoon

000000000 Vertex Corrections OO OOOOO Weak Vector Boson [
oo0ooo weOOOOOODOOOOoooooooooooooooooooooooo
O000000000000000000000O00000O0OO 1)JDoboooOo wrOoOO
0 Lagrangian O 0O O

1

MWW (3.6)

1
EW:_ZGW/G;W_
OooooOogoon
G = WY — 9 WH (3.7)

gooo

3.2.1 Lorentz 00O (k,e*=0) 000

D00000ooood
0, (O"WY — O"WH) + M*W" =0 (3.8)

gbobobogoobobooad

3
1 . .
WH(x) = Z Z e (k,\) |agre™* + al e (3.9)
& el vV QV(,Uk

00000000 ¢ 0000000000000
(K2 — M?)e" — (kye)k" = 0 (3.10)

gbogodbudes0buoobbogbuoobbodobbobobuoobbooboonon
goobooogon

det{(k* — M?)g" — k"k"} =0 (3.11)
gogooooooon

k> — M? = (3.12)
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3.3 Ubogoouoboooboooboon
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3 v
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A=1
dooooooooooono MOOOOooOoooooooooo
g =
D" (k) = —— K 1
(k) k? — M? — ie (3.16)
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[1 4[] Basic Notations in Field
Theory

In field theory, one often employs special notations which are by now commonly
used. In this Appendix, we explain some of the notations which are particularly
useful in field theory calculations.

4.1 Natural Units and Constants
Here, we employ the natural units because of its simplicity
c=1, h=1. (4.1.1)
If one wishes to get the right dimensions out, one should use
he =197.33 MeV - fm. (4.1.2)

For example, pion mass is m, ~ 140 MeV /c?. Its Compton wave length is

1 he 197 MeV - fm
—_— = = ~ 1.4 fm.
My  MiC? 140 MeV

, €> € e? 1

Fine struct tant: =ef=_—=—= = :
1ne structure constan « € hC 471' 47ThC 137036

Electron mass: m, = 0.511 MeV/c?

Muon mass:  m, = 105.66 MeV/c?

Some constants:
Proton mass: M, =938.28 MeV/c?

1

mee?

=0.529 x 1078 cm

Bohr radius: ag =
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Gravitational constant: G =5.906 x 10739 ML

SN

Weak coupling Constant: Gr =1.166 x 107° (GeV) ™2

h
Electron : i, = 1.00115965219 —-
MeC
Magnetic moments : o
Muon : = 1.001165920
myc

W= —boson : My =80.4 GeV/c?, apy ~43x1073
Weak bosons :
Z° —boson : M,=0912 GeV/c?, az~273x1073

4.2 Hermite Conjugate and Complex Conjugate
For a complex c-number A
A=a+bi (a,b: real). (4.2.1)
Its complex conjugate A* is defined as

A* = a —bi. (4.2.2)

Matrix A :

If A is a matrix, one defines the hermite conjugate Af

(A")y; = Al (4.2.3)

Differential Operator A

If A is a differential operator, then the hermite conjugate can be defined only
when the Hilbert space and its scalar product are defined. For example, suppose
A is written as

.0
A=i—. 424
i (4.2.4)
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In this case, its hermite conjugate A’ becomes

. o\7T 0 .
[ =] — =
A i (8x) U A (4.2.5)

which means A is Hermitian. This can be easily seen in a concrete fashion since

wliv) = [ Wi Lvwde= =i [ (F01w) v o= tivl), (120

—00

where ¢)(£o00) = 0 is assumed. The complex conjugate of A is simply

A= —i— +A. (4.2.7)

Field v :

If the () is a c-number field, then the hermite conjugate ¢f(x) is just the same
as the complex conjugate ¢*(z). However, when the field ¢ (x) is quantized, then
one should always take the hermite conjugate 1/f(x). When one takes the complex
conjugate of the field as ¢*(x), one may examine the time reversal invariance.

4.3 Scalar and Vector Products (Three Dimensions) :
Scalar Product :

For two vectors in three dimensions

r= (Jf,y,Z) = (551,1’2,93'3), pP= (px7py7pz) = (plap2ap3) (431)

the scalar product is defined

3
r-p= Zxkpk = TPk, (4-3-2)
k=1

where, in the last step, we omit the summation notation if the index k is repeated
twice.



4.4. Scalar Product (Four Dimensions)

Vector Product :

The vector product is defined as
T X p = (T2p3 — T3P2, T3p1 — T1P3, T1P2 — TaP1)-
This can be rewritten in terms of components,
(rxp)i= €ijk TPk,

where ¢;;, denotes anti-symmetric symbol with

€123 = €231 = €312 = 1, €132 = €213 = €391 = —1, otherwise = 0.

4.4 Scalar Product (Four Dimensions)

For two vectors in four dimensions,
o' = (tx,y,2) = (vo,7), P = (B, P20y, p:) = (Po, P)
the scalar product is defined
r-p=Et—7-p=opy— TkPk-
This can be also written as
zup" = xop” +apt +aop? +agp’ = Et —r-p=u-p,
where 7, and p, are defined as

x,u = (l'(), _r)a p,u = (p07 _p)

23

(4.3.3)

(4.3.4)

(4.4.1)

(4.4.2)

(4.4.3)

(4.4.4)

Here, the repeated indices of the Greek letters mean the four dimensional sum-

mation p = 0,1,2,3. The repeated indices of the roman letters always denote the

three dimensional summation throughout the text.
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Metric Tensor :

It is sometimes convenient to introduce the metric tensor ¢g*¥ which has the
following properties

1 0 0 0
0O -1 0 O
W =g, = 4.4.5
I 79w =10 0 -1 0 (445)
0O 0 0 -1
In this case, the scalar product can be rewritten as
r-p=2a"p’g, =FEt—7-p. (4.4.6)
4.5 Four Dimensional Derivatives 0,
The derivative J, is introduced for convenience
0 o o 0 0 0 0 0 0 0
0. = — == = = —)=(= 4.5.1
T O (8x0’8x1’8x2’8x3) <3t’8x’8y’8z) <3t’v) ’ ( )
where the lower index has the positive space part. Therefore, the derivative 0"
becomes 5 5 5 5 5 5
ot=—=———,—,— | =|=,-V). 4.5.2
ox, <3t’ oz’ Oy’ 32> (Z%’ ) (4:5.2)

4.5.1 p* and Differential Operator

Since the operator p* becomes a differential operator as
P = (Bp) = (i, —iv) =i
Y at7

the negative sign, therefore, appears in the space part. For example, if one
defines the current j* in four dimension as

" =(p,J),
then the current conservation is written as

L Op .1
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4.5.2 Laplacian and d’Alembertian Operators

The Laplacian and d’Alembertian operators, A and [] are defined as

0? 0? 0?
A:V'V—wﬁ—a—:y?—'—@,

82
DE@M(?“:@—A

4.6 ~y-Matrix

Here, we present explicit expressions of the y-matrices in two and four dimen-
sions. Before presenting the representation of the y-matrices, we first give the
explicit representation of Pauli matrices.

4.6.1 Pauli Matrix

Pauli matrices are given as

0 1 0 —1 1 0
am:m:(l 0), Uy:UQ:(i 0), GZZU3:<O _1>. (4.6.1)

Below we write some properties of the Pauli matrices.
Hermiticity :

O'Jlr:O'l, 0’;202, 0';20'3.
Complex Conjugate :

o] =01, 0y=—0, O3 =03.

Transposed :

T T T T_ _x
o, =01, 0y =—09, 03 =03 (0, =0}).
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Useful Relations :

0,05 = 52‘]‘ + ieijkak, (462)
[O’i,O'j] = 2i€ijk0'k- (463)

4.6.2 Representation of y-matrix :

(a) Two dimensional representations of y-matrices

10 0 1 01
Di . A0 1_ 5 _ 0.1
irac : v (0 _1>, gl (_1 0>, V=" Lol
01 0 -1 1 0
Chiral : 7" = 1= 5 = A0yt = .
ra v (1 0>, gl (1 0): v T 0 —1

(b) Four dimensional representations of gamma matrices

1 0 0 o
D. . 0: = =
irac : 7" = f <0 _1>, Y (_0_ 0)’
01 0 o
0.1.2.3 _
7 27777—<1 0>a a—(g_ O)a
01 0 —0o
Chiral : /°=p5= =
iral : 7" =0 (1 0>> vy <a 0>,
1 0 o 0
0~ 1.2.3 _ _
7° = i7"y <O _1)7 « <O —0').
where 0= 00 , 1= Lo .
0 0 01



4.7. Transformation of State and Operator

4.6.3 Useful Relations of y-Matrix

Here, we summarize some useful relations of the y-matrices.
Anti-commutation relations :
{2 =20 7"} =0.
Hermiticity :
=% (W= 7=-m) W =1s.

Complex Conjugate :

%= N=n, Mm=—" Hi=7 T=7

Transposed :

e =7"4", 1 =1

4.7 Transformation of State and Operator
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(4.6.4)

(4.6.5)

(4.6.6)

(4.6.7)

When one transforms a quantum state [¢)) by a unitary transformation U which

satisfies
Ul =1

one writes the transformed state as

[¥) = Uly).

The unitarity is important since the norm must be conserved, that is,

W'y = (UTU ) = 1.

(4.7.1)
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In this case, an arbitrary operator O is transformed as
O =U0U". (4.7.2)

This can be obtained since the expectation value of the operator O must be the
same between two systems, that is,

(W|Of) = W'O'[Y). (4.7.3)

Since
WO = (LIUTOUy) = (¥|ON)
one finds
Uto'v =0
which is just eq.(4.7.2).

4.8 Fermion Current

We summarize the fermion currents and their properties of the Lorentz trans-
formation. We also give their nonrelativistic expressions since the basic be-
haviors must be kept in the nonrelativistic expressions. Here, the approximate
expressions are obtained by making use of the plane wave solutions for the Dirac
wave function.

Scalar : U ~ 1
Pseudoscalar :  ¢y°1) ~ ZP
Fermion currents : B p (4.8.1)
Vector : VyFap ~ (1, —)
m

Axialvector : iyt ~ (%, 0'>

Therefore, under the parity P and time reversal T transformation, the currents
behave ~ o ~
P = PPy =y
i s = PPy Py = —hyse)
Parity P o IR e (4.8.2)
VY =PI Py =~y

Pysd’ = PP Iy Py = dpystd



4.9. Trace in Physics

Py = 9T Ty = gy
‘ i Py = YTy = st
Time Reversal T : - . R _
Yy = YT Tp = =y

Dyeyst = PT  ypys T = =yt

4.9 'Trace in Physics

4.9.1 Definition

The trace of N x N matrix A is defined as
N
i=1

It is easy to prove
Tr[AB] = Tr[BA].

4.9.2 Trace in Quantum Mechanics

The trace of the Hamiltonian H becomes

Tr[H) = Ti[UHU '] =) E,,

n=1
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(4.8.3)

(4.9.1)

(4.9.2)

(4.9.3)

where U is a unitary operator, and FE, denotes the energy eigenvalue of the

Hamiltonian.

4.9.3 Trace in SU(N)

In SU(N), the element U® can be described in terms of the generator 7

Ue = eiaTa
where the generator must be hermitian and traceless since

detU® = exp (Tr [In U?]) = exp (ia Tr [T7]) =1

(4.9.4)

(4.9.5a)
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Tr [T = 0.

(4.9.5b)

The generators of SU(N) group satisfy the following commutation relations

[Ta7 Tb] — iCabCTc,

(4.9.6)

where % denotes a structure constant. The generators are normalized such

that ]
Tr [T°T"] = 5 6"

4.9.4 Trace of v-Matrices and p

Trace of y-matrices :
Tr(l] =4, Trly) =0, Tr[y]=0.
Symbol p : p=p"

Useful Relations:

YWt = —2p
M=p-q—ioupq
Trlpfl =4p-q
Tr [vspd] = 0

Tr [251152253154} = 4{(191 ~p2)(p3 - pa) — (P1 - p3)(p2 - pa) + (P1 - pa) (P2 'pB)}

Tr [y fobsbs] = —4dicaps 1Y P3 P3P
Tr [75'7u1'7u2'7u3'7u47u57u6] = —4i [9M1M2€M3M4M5M6 — Guips€papaps e

FGpops€pipapspe + JpapsEprpopspe — Juape€pipopaps T guwsguwzusm]
St R
L L LA 1t Y

m
H 0 B’
E:ILL/V/O[IB/ ="l H o o o
5o, 8%, 8. 0%,
I

~

Euvaﬁ

>
@

=9
»

s s
5 o 5 5/

(4.9.7)

(4.9.8)
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&, &y g
et ﬁguu a'fl — — 0 ! 0 o 0 8 (4917)
B B 8
&, 8 8,
50( ! 50& /
guyaﬁguua’ﬁ’ = -2 55 « 55 p (4918)
OL, /8/
" 0y = —60" 4, (4.9.19)
" Pe s = —24 (4.9.20)

4.10 Lagrange Equation

In classical field theory, the equation of motion is most important, and it is
derived from the Lagrange equation. Therefore, we review briefly how we can
obtain the equation of motion from the Lagrangian density.

4.10.1 Lagrange Equation in Classical Mechanics

Before going to the field theory treatment, we first discuss the Lagrange equa-
tion (Newton equation) in classical mechanics. In order to obtain the Lagrange
equation by the variational principle in classical mechanics, one starts from the
action S as defined

S = / L(g, ¢) dt, (4.10.1)

where the Lagrangian L(q, () depends on the general coordinate ¢ and its velocity
G. At the time of deriving equation of motion by the variational principle, ¢ and
¢ are independent as the function of t. This is clear since, in the action S,
the functional dependence of ¢(¢) is unknown and therefore one cannot make
any derivative of ¢(t) with respect to time ¢. Once the equation of motion is
established, then one can obtain ¢ by time differentiation of ¢(¢) which is a
solution of the equation of motion. The Lagrange equation can be obtained by
requiring that the action S should be a minimum with respect to the variation

65:/6L(q,q)dt:/ OL 50+ 9L 5i) ar
dq aq

of ¢ and g.
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oL d oL

= — —— — ] d0qdt=0 4.10.2

/ (aq it aq) B (4102

where the surface terms should vanish. Thus one obtains the Lagrange equation
oL d oL

— — = =—=0. 4.10.3

dq dt 0q ( )

Hamiltonian in Classical Mechanics

The Lagrangian must be invariant under the infinitesimal time displacement ¢

of ¢(t) as
o +€) = alt) e, qlt+e) = d(t) + e+ (4.10.4)
Therefore, one finds
oL . ~OL. OL .de

0L(q,q) = L(q(t +€),q(t +€)) — L(q,q) = 9 &€ + 9q € + 95 93 = 0. (4.10.5)

Since the surface term vanishes, one obtains

. oL . OL . d (OL . d oL .
0L(q,q) = 8_qq—'—8_c]q_%(6_q'q)}e_{% (L—a—q.q)]e‘—o (4.10.6)

where the term in bracket is a conserved quantity, and thus the Hamiltonian H

is defined
is defined as oL

H=—
8 ?

— L. (4.10.7)

4.10.2 Lagrange Equation for Fields

The Lagrange equation for fields can be obtained almost in the same way as
the particle case. For fields, we should start from the Lagrangian density £ and
the action is written as

S = /L (Wb, S—Z) &Prdt, (4.10.8)

where (), %—f and g—i are independent functional variables. Hereafter, we use

the notation of w(x) = %—f. The Lagrange equation can be obtained by requiring
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that the action S should be a minimum with respect to the variation of ¢, ¢ and

oY
B 0P\ 4 B oL oL - oL o 5
55_/5£<¢,¢,—axk)drdt_/(a_¢5¢+—8¢5¢+8(&i)5(axk)>d?“dt

oxy,?
ox

oc 9oL 9 oC s
_/<%_§3_¢_6_m@) 5 dr dt = 0, (4.10.9)

where the surface terms are assumed to vanish. Therefore, one obtains

oc o0o0L 0 0L

— = — —— 4.10.10
Oy Ot gy Orp O(FL) ( )
which can be expressed in the relativistic covariant way as
oL oL
— =0, == ). 4.10.11
% = (a00) {104y

4.11 Noether Current

If the Lagrangian density is invariant under the transformation of the field
with a continuous variable, then there is always a conserved current associated
with this symmetry. This is called Noether current and can be derived from the
invariance of the Lagrangian density and the Lagrange equation.

4.11.1 Global Gauge Symmetry

The Lagrangian density which is discussed in this textbook should have the
following functional dependence in general

L = ipy,0" — mp + L1 {, vys, ¥y, )
which is obviously invariant under the global gauge transformation
W = e, Pt = et (4.11.1)

where o ia a real constant. Therefore, the Noether current is conserved in
this system. To derive the Noether current conservation for the global gauge
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transformation, one can consider the infinitesimal global transformation, that is,
la| < 1
Y=Y+ oy, 0 =iar. (4.11.2a)

W=yt st syt = —iayt. (4.11.2b)

Invariance of Lagrangian Density

Now, it is easy to find

5L = LW T 04,001 = L6, 0,0, 0,01 =0 (4.11.3q)
which becomes
_oc oL oL _ . oL ;
oL = 50 5¢+—8(8m) 6 (0ut) + awéw + 500,07 5 (9,07
. oL oL - oL . oc ;
- Ka“a@m) TR R (a“aw*)) Y B

. oL oL
= za@u {8(8%/}) 1/) - a(a,ﬂ/ﬂ

where the equation of motion for ) is employed.

=
)@z)} 0 (4.11.30)

Current Conservation

Therefore, one defines the current j* as

i oL oL
a0 Y 90,00

and one has the current conservation

H = Yl (4.11.4)
oug" = 0. (4.11.5)
For Dirac fields, one finds the conserved current

J* = Py (4.11.6)
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4.11.2 Chiral Symmetry

When the Lagrangian density is invariant under the chiral transformation,
Y = e (4.11.7)
then there is another Noether current. Here, 07 as defined in eq.(4.11.2) becomes
0 = iays). (4.11.8)

Therefore, a corresponding conserved current for massless Dirac fields becomes

oL -
b= = yH 4.11.
Jt 30u0) Y5t = Yy st (4.11.9)
and we have
aujg = (. (4.11.10)

The conservation of the axial vector current holds for massless field theory mod-
els.

4.12 Hamiltonian Density

The Hamiltonian density H is constructed from the Lagrangian density L.
If the Lagrangian density is invariant under the translation a”, then there is a
conserved quantity which is the energy momentum tensor 7+”. The Hamiltonian
density is constructed from the energy momentum tensor of 7%.

4.12.1 Hamiltonian Density from Energy Momentum Tensor

oxy,

Now, the Lagrangian density is given as L (1#1-,801#1-, %> If one considers the

following infinitesimal translation a" of the field v; and wj
Y =i + 0, 0P = (Duiby)a”,
ol = vl +oul, o) = @,40)a",

then the Lagrangian density should be invariant

6L = LY}, 0,0)) — L(i, Dy
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_Z [8% (gfwi) 0(Outhi) + w* ovl + <§fzﬁ> 5((%1#3)] =0. (4.12.1)

Making use of the Lagrange equation, one obtains

oL e
0L = Z [a¢z sz (auwz) (auazﬂ/}z) - (9# <8(6—M aywl)} a

2 gy O g ) =0 <a<amz> M)]“

B . oL ., oL ., _
=0, [ﬁg” Z (a(am,») 0" + —3((%1/13) 0 zp)] a, = 0. (4.12.2)

aw

Energy Momentum Tensor 7+

Therefore, if one defines the energy momentum tensor 7" by

Th — V —a£ a”T — Lagt” 4.12.3
Z( @0 " o T ) T (4123)

then, 7" is a conserved quantity, that is
0, T" = 0.

This leads to the definition of the Hamiltonian density H in terms of 7%

H=T"=>" ( oL OY; + oL a%j) ~ L. (4.12.4)

0(0o1) (9o}

4.12.2 Hamiltonian Density for Free Dirac Fields

For a free Dirac field with its mass m, the Lagrangian density becomes
L=l + 4] [y -V =] 4. (4.12.5)
Therefore, we find the Hamiltonian density as

H=T% =; [—iyOe+m],; ;=1 [—iy - V+m] . (4.12.6)
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Hamiltonian for Free Dirac Fields

The Hamiltonian H is obtained by integrating the Hamiltonian density over
all space

H = /Hd3r = /&[—iﬁy-Ver]z/;d?’r. (4.12.7)

In classical field theory, this Hamiltonian is not an operator but is just the field
energy itself. However, this field energy cannot be evaluated unless one knows
the shape of the field i(z) itself. Therefore, one should determine the shape of
the field ¢/(z) by the equation of motion in the classical field theory.

4.12.3 Role of Hamiltonian

The classical field Hamiltonian itself is not useful. This is similar to the classical
mechanics case in which one has to derive the Hamilton equations in order to
calculate physical properties of the system, and the Hamilton equations are
equivalent to the Lagrange equations in classical mechanics.

Classical Field Theory

In classical field theory, the situation is just the same as the classical mechanics
case. If one stays in the classical field theory, then one should derive the field
equation from the Hamiltonian by the functional variational principle.

Quantized Field Theory

The Hamiltonian of the field theory becomes important when the fields are
quantized. In this case, the Hamiltonian becomes an operator, and thus one has
to solve the eigenvalue problem for the quantized Hamiltonian H

H|U) = E|T), (4.12.8)

where |V) is called Fock state and should be written in terms of the creation
and annihilation operators of fermion and anti-fermion. The space spanned by
the Fock states is called Fock space. In normal circumstances of the field theory
models such as QED and QCD, it is practically impossible to find the eigenstate
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of the quantized Hamiltonian. The difficulty of the quantized field theory comes
mainly from two reasons. Firstly, one has to construct the vacuum state which is
composed of infinite many negative energy particles interacting with each other.
The vacuum state should be the eigenstate of the Hamiltonian

where E denotes the energy of the vacuum and it is in general infinity with
the negative sign. The vacuum state |Q2) is composed of infinitely many negative

) = [T 5% 10)).

p7s

energy particles

where |0)) denotes the null vacuum state. In the realistic calculations, the number
of the negative energy particles must be set to a finite value, and this should be
reasonable since physical observables should not depend on the deep negative
energy particles.

4.13 Variational Principle in Hamiltonian

Now, one can derive the equation of motion by requiring that the Hamiltonian
should be minimized with respect to the functional variation of the state (7).

4.13.1 Schrodinger Field

When one minimizes the Hamiltonian
1
H :/ [—2—¢TV2¢+¢TU¢ d>r (4.13.1)
m

with respect to ¢(r), then one can obtain the static Schrédinger equation.

Functional Derivative

First, one defines the functional derivative for an arbitrary function ¢;(r) by

oty (r')
o;(r)

= §;;0(r —r'). (4.13.2)
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This is the most important equation for the functional derivative, and once one
accepts this definition of the functional derivative, then one can evaluate the
functional variation just in the same way as normal derivative of the function

wz(’f’)

Functional Variation of Hamiltonian

For the condition on ¢ (r), one requires that it should be normalized according
to

/w*(rww) d’r=1. (4.13.3)

In order to minimize the Hamiltonian with the above condition, one can make
use of the Lagrange multiplier and make a functional derivative of the following
quantity with respect to ¢f(r)

il = [ [ o o090t + 01 0| 0o

—-E < / P (r') dPr' — 1) : (4.13.4)

where E denotes a Lagrange multiplier and just a constant. In this case, one

obtains
0H 1
s [atr =) |5 V) 4 U0 - Bot) | @ =0 (@139
Therefore, one finds
5= V(r) + U(r) = Bu(r) (4.13.6)

which is just the static Schrodinger equation.

4.13.2 Dirac Field

The Dirac equation for free field can be obtained by the variational principle
of the Hamiltonian eq.(4.12.7). Below, we derive the static Dirac equation in a
concrete fashion by the functional variation of the Hamiltonian.
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Functional Variation of Hamiltonian

For the condition on ;(r), one requires that it should be normalized according
to

/Mwi(r) d'r = 1. (4.13.7)

Now, the Hamiltonian should be minimized with the condition of eq.(4.13.7)

H) = / ) [=i0% - W)+ m(1°)] 5(r)

—E (/ Yl () () dPr — 1) : (4.13.8)

where F is just a constant of the Lagrange multiplier. By minimizing the Hamil-
tonian with respect to %T (r), one obtains

(—ice- V +mB) v(r) — B(r) =0 (4.13.9)

which is just the static Dirac equation for free field.
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