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oooobobobooobooboooobob goooboobobo ooog

G : {a,byc,---,g} (1.1)

ooobbboboobobobobobobbobobobooobobobon
gbbbuoooboboboooobbboooobbbuooobbbooobobboo
gboboboooobbboooobbboodon e booogyg
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1.1.1 0000

gboboboodgobobboogobbbuoogooboaod

(1) 00 «0 500000 (eeb) 0000 GOODOOODO

(2) 000000000

(3) 0000000

(4) 000 (aeb)ec=ae(bec) 00000

0 ¢g000000000000000000000000000000000

e 0100 (Abelian group) :
aeb=>bbea 000000 IOIODODOODODO (abelian group) 00 OO

e 0000 (Non-abelian group) :
aeb#bea 000 I0OIDOOOMOO (non-abelian group) O O O O Special Unitary
OO0 SU(N)D0O00000ooooooooooooooo

1.1.2 000U

gbbbuooogbbbuoooobbbboooobooobbbouoooobon
gboobooooboboogoboon

100000 : 000 F {1,241}

googgbobodgd F{1,2,%}DDDDDDDDDDDDDDDDDDDDDD
goodgbbbuooogbbbuoooobbobuoooobbbuoooobboan
O00000000000(1) 0000000000 eeb 000000000 GO
DbOoboboboobobuoooboobobi2e2=2x2=40 FOOOO
gboboboogobbboogobbbuoogoboboood



1.1. 0000 3
[2] I,E;, Es, E5 OO
000 ¢goon
G {I,E,, Ey, E5} (1.2)

gbobbobbbuooggbbbouoooobbbbodgobuoooobbbodao
gboobooggn

E10E1:E20E2:E3.E3:]
El.EQZEg, E10E3:E2, E20E3:E1 (14)
El.]:El, EQOI:EQ, Eg.I:Eg (15)

00000 ¢gO000000000000000 (1) 00000000000 aeb
OooooooobO goooooooobobobobobobobobooboo
00000000000000 /0000000000 Ef'=F 0000000
gboboogoon

(El.EQ).E:;:El.(EQQEg) (].6)
ggoooooooooo
Eg.EgZEl.El = I=1 (17)

obobbobooboobgooboobobbobooboobooboobo

3] 000
O00 gooo

gboboodbdd n0obbooboboo Cﬁ:eyiDDDDDDDDDDD
0000000000000000000000 I=10000Cck00000

(CF) "= M (1.9)
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0000000000
(CF) ek = R o (1.10)

n

gboobooogn

1.2 Special Unitary 00 SU(N)

00000000 Special Unitary 00 SUN) DO OOOOO0OO0O0O0O0O00O0OO
gooo

1.2.1 00 SU(?2)

OO0D00D0OD00O0O 2x 20 Special Unitary U0 AODODOOOOOODO

A:(Z Z) (1.11)

OO0O000OUnitary UOOO0DOODO

AAT =1 (1.12)
00000000000 00o0Dg AtO
a* c*
AT:(b* d*> (1.13)
D00000 000 Unitary 00000000
la> 4+ b)> =1, ac* +bd* =0 (1.14)
I+ 1d> =1, ca*+db*=0 (1.15)

OO000D00DO0O0O Special DO DO OO
det A=ad —bc=1 (1.16)

0000000000000 000O0O0O SU(2)oooooooooooooooo
obhobobooboooboobuooboobobboobon



1.2.  Special Unitary O 0O SU(N) 5

1.2.2 SU(N) OO

O0o0Sy(N)D0O0o0o0o00ooo0o0oooo0ooooooooooooo
gooo

o (1) C = AB O SU(N):
000000000000000 SU(N) 000000000000000000
000000000000

CC" = AB(AB)' = ABBTAT = AAT =1 (1.17)

000000000000000000000(AB) =BAT000000000
00000000000000000

N

(AB)];; = (X AuBy) = 3 A3 B = S (BYu(AD)y, = (B4, (118)

k=1

e (2)00O:
SU(N)0000000000000000000000000000000000
1 00 FO0D00O0O0O0000000E;=6; 0000

0(3)DD:
SUN)DOODO A'0 A'0000000 AAT=10000 A'0000000
00

ATTAAT = AT = A1 (1.19)
D0000000oo0o0ood

e (4) 00O (Combination Rule):
000 (AB)C=A(BC)OD0000O0OO0O0DOODOOODOOOOOOOOODOOO
guoodooboboboboboboooooad

[(AB)Clir. = > (AB)i;Cir. =Y > AinBm;Cji = Z Aim(BC) i = [A(BC)]ix

j=1 j=1m=1
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0000000000000000000000000000000000000
000000 C=ABO0O0ODO det{4B}=1000000000000000
0000000000 det{A} =exp/TrinA] 000000000

o det{A} = exp[TrinA4] OOO :
gobooboooon

N
i=1

00000000000 A, 000000000000 A(x)0D00D00 AO 2O
000000000000000 0000 (1.2000 :t0O0O0ODDOOOODODO

ddet{A} X dA;

A 1.21
dx ”221 dx J ( )
O0000000000oooooooog AtQg
A
AYH,0 = Jt 1.22
000000000000000 (1.21)0
ddet{A} N dAU 1 _1dA
R Sh e A det{AY =Tr [ A== ) det{A 1.2
dl’ iJZI dCC ( )] e{ } r dl‘ e{ } ( 3)
Oo0oooooooo
A=e"P (1.24)
O0000000RBOIODOOONDOOOOOOOO
dA
EiE'::lgexB’ At =B (1.25)
00000000 (1.23) 0
d det{e*B
At} eB) det{e ) (1.26)

dx
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gbbbuoogbobboooobbooodgn
Indet{e”’} = (TrB)z + C (1.27)

000000 000000000000 2=000000 C=0000000
000 x=10000 A=e8, B=lnADOOODOO0O00 (1.27)0

det{A} = ¢™in4 (1.28)
0000000000

o det{C} =det{AB} =1000 :
000000 det{AB}=10000000000000

det{AB} _ 6Trln(AB) _ 6'I‘r(lnA—‘,—lnB) _ eTrlnAeTrlnB _ det{A} det{B} -1 (129)

000000000 00ooooSy(N)boooooooooooooo

1.3 000 (0O0ODO)

000000 S, (Permutation group) 0000000000000 O0O0OO (Non-
abelian) 00000000000

&E(% 2o 7) (1.30)

Z]_ Z2 PR ZTL
000000000000
1 =iy, 2=y, -+, n—ip (1.31)

oooooobooooobooobobooboooooobooooobboon s, ooooo
ooooo



1.3.1 00000000

010 bOoogod

0000000000 Ss000000 S30 SUB)O000000O00O0O0OO
O000000SU83)0000i0ddg Ssooooooooooooooooooo
0S,00000000000000 Su@3)oo000ooooooooooood
ooooooo Ssbooboooboooboooboobboobooooooobogoon

e 10O €
OO0ooQ0 eddnon

1 2 3
e =
1 23
guoooooo

e 10000 mq,my, T3, Mg, M5 :
godddoooobbbbboooooooooo

1 2 3 1 2
7'['1: =
2 1 3 2 1
1 3 2 1 3
7T2: =
3 1 2 31
2 3 1 2 3
T3 = =
3 2 1 3 2
1 2 3
Ta =
! 2 3 1
1 2 3
Ty =
3 1 2

goooooon

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)



13. 000 (0000) 9

1.3.2 000000000000

S; 0000000000000 00O00O000000
1 2 3 i1 Jo J
p=( <), pm=(t7P5 (1.39)
11 2 13 1 2 3

000000000P 0P 000 P, eR, O

pap (123 (0 i i\ _ (& B (1.40)
Lea2 iy iy s 1 2 3 i1 iy s '

obobooobobobobdnD myems U

1 2 1 2 1 2 2 1
Ty ® M5 = 3 ° 3 = 3 ° 3 =e (1.41)
2 31 3 1 2 2 31 1 2 3

gbobobodo

1.3.3 UU0O0O0O0O0O0o
S, 00000000000000
e (1) mer; D0O0DOODO :
googpoogoooogooogo
T1 @] =Ty ®Tg — T3 @73 = T4 @75 = T5 ®7T4 = €,
T @7y = T ®T3 = T3 ®T] = T5,
To @7 = TT3 @ Ty = T ® T3 = Ty,

(1.42)
(1.43)
(1.44)

T @y = T3, T ®T5 =Ty, T4®T =Ty, T5®T =3 (1.45)
Ty @ Ty = T, To®T5=T3, T4®Tg=T3, T5®mTy =T ( )
(1.47)

T3 @y = T, T3@T5 =T, Ty @ T3 =T1, T5®T3=T2



10 010 00000
e (2)000O :
00000000 0000

e(3)00 :
boodubbodoobboodbibidm, m, g UOODODOOOOOOO0O0OO00O
T4, 7T5|:||:||:||:|

T l=ms, Tal=m (1.48)

gooobodgo

e (4) 00O :
0000000000000000000000000000000000000

(71 @ T3) @ T3 = 5 @ T3 = Ty (1.49)

7T10(7T2.7T3):77107T5:7T2 (150)

gboboboogobbbooobboboooobobbuoooobbooogn
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20 0Oo0dd

0000000000000 (Group Representation) 1000000000000
000000000 gOo0O0O g00000O0OD0O (ODODOOOO0)ODODODODODOOO
goo0obooooboboooobbuoooobbboooobobboooobooboo
gobboooobobboooobbuoooobbbooobbbooobbboo
goooboooooooogd

2.1 OO0O0OoOoOooobon

oOooooobooobOo NObOooboobooboboobooo

U o {¢1,¢2,"',¢N} (21)

000000000000000 NOOOOOOOOOO0000000000
gvi=_D(9)ji; (2.2)

000000 D(g) 0000000000 D(g) 0000000000000 0OO0
gboboboogobbbooogbboboooobon



12 20 0000

2.2 0O0O0O

0 ¢gO000000 g 000000000 O0O0O0OD0OODODODO00O
0000 D(gig2) 00000000

N
9192 = Z D(ngz)jﬂ/fj (23)
j=1

obobobooboobooboobooboobo

D(g192) = D(g1)D(g2) (2.4)

oo oooono
e D(g192) = D(g1)D(g2) OO DO :
000 e 00000000 o0oooo0ooonooooooooooon

g1920; = g1 D(g2)kjtte = Y D(g2)k;D(g1) s
=1

k=1

= Z:[D(91>D(92)]ijwi = ZD(glgz)ijwi (2.5)
goooooooooon

D(g192) = D(g1)D(g2) (2.6)

gbobobodgo

23 UO0OOoOoo

0 Ggooooog DW(g)d DP(g) 0000000 O0D0 D(g) O
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00000000 D(g) 00 0000000000000 000 D(g) 000
DW(g) O DP(g) 000000000
D(g) = DV (g) ® D (g) (2.8)

0000000000000 D(g) 000 (reducible) D000 O0O0O00OOOOO0O
0000000 (irreducible) 00 OO

24 0O0O00OOOOOO

oobooboobooboobobooboboboobobobobooboboo
gboobobdoooboboboboooobooobobobobobobobon

241 00 1. G{l,E\, By, F3} 000

O Gcoono
G {I,El,EQ,Eg} (2.9)
0do0doodooooooooooboonobouobuoboonooba
U {yy =1, ¢y = Ey, 5 =Es, ¢y = E3} (2.10)
gogooogno
By = By =1y (2.11)
E1¢2:E1.E1:I:¢1 (212)
Eypg =FE, e Ey = E5 =1y (2.13)
FEipy = Ey, @ B3 = Ey = 3 (2.14)
godogoogno
" 0100
(0 1 000
E — (41, Py, Vs, 2.15
1 s (1, 2,13, 14) 000 1 (2.15)
s 0010



14 20 0000

00000 B, 00000 D(E) O

0100
1000
DE)=11 0 01
0010

gobobodgo

24.2 002 000 % {I,m}000

(2.16)

Oobooooobooog S;ooboobobbooooopoobo L, DOobOOOD

00

]:1277@:12
1 2 2 1

gbbboodgboboboooobn

U {r = u(1)v(2), Yo = u(2)v(1)}

goooboood

T = u(2)v(1)
Tty = u(1)v(2)

(e
(o

000000000000 D(m) O

wor-(1})

gbobbuoooobbboooobbon

U = u(L)u(2) + u@)o(l), v = u(l)o(2) — u(2)o(1)}

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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gbobbuooougon

o1 = Py
7T2’17D2 = —@/12 (222)
goooooo D(WQ)D
D(ms) = ( (1) _‘1 ) (2.23)

gbobboooboboooobboooobbbuooobbbooobbbooo
b0 0000000000000 0O0O0O0
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obhoobobbobbobbobboobbobbO0l Hamiltonian DO OO OO
gbbboodgbbboooobboooobbbooobbbooobbboon
gbbobuooobobobuoooobbuoooobbboogobbboogbobboo
0000000 SU(2)0o000000oooooood

3.1 0JU000ooonooooooooodg
D000 ¢ 00000000000 00000000
W = U (3.1)

D0D0D00D00D00D U 0000000000000000000000000
000000000000000 O000000000000000000000
00000000000000000 O0000000000000000000
oboooooboooboooon

(W'0"1¢") = (¥]O[¢) (3.2)
0000000000
(W[UTO'U ) = (|Ofy) (3.3)
nooooo
Ulov=0 = O =00U""! (3.4)

00000000 Hamiltonian H 0000 B =UHU-' 0000



18 O30 00000

3.2 Hamiltonian 000 0O [

0 OHamiltonian F 00000000000 U 000000000000000
ooooobooon

H =H=UHU" (3.5)
0000000000000 00000 U00000000000000
({Up|Uy) = (0|UTUY) =1 (3.6)

DDDDDDDDDDDDDDDDDDDDD(3.5)DDDDDHamiltonianlfID
D000 U00000000000000000

e HOODOUD U 0D00O0OODC0OOODODOD :
035 00HF00U0000000000

HU =UH (3.7)
000000 HF 0000000000 E,, v, 00000

Hi, = By, (3.8)
goooooo UDDDDDDDDD(B.?)DDDD

UHy, = E,Ut,
H(Ut,) = E.(Uth,) (3.9)

0000000 Uy, 0 HODODDOOOOOODODDODOOOOOOO Uy, O %,
0000000Doo00

Ulpa = lm/}a (310)

obooboobooboobooboy,d U0000000000000000000



3.2. Hamiltonian OO O O 19

3.21 0O0OOOOOOOO d—000

000 Hamiltonian H 00000 d-00000000000000000O0

A

Hiyp =E¢, (n=1,2,--.d) (3.11)
ooooooon

<¢n|wm> = Onm (3-12)

gboboobooboobobboobooboobobboboboboobon
000 ROODOOO0OODO0D0OO0O0O0000000000

RHR™ =H (3.13)
00000000000 RODOODOOOOODODODOOO
H(Ri,) = E(Ry,) (n=1,2,---.d) (3.14)

gbobooodgboooogbooboooon anDDDDDDDD rooooooon
gbboboogobbodood

m

n=1

0, 0000000000000000O D, (R)DOODOO00O0O0ODOOO0OO
goobogo

e OO DOOO

OOO00D0OO0D0O0O00O Hamilteonian DO OO OODO0OD0DO0ODOO0ODOOO0ODOO
gbbbuoodgbbbdoodobbbuoooobbboooobbbooobbbon
gobobodg
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3.2.2 U000 ogg
DDDD(DDDDDD)ri—rDDDDDDD
Py(r) = ¢(-r)

oboobooooooboobogn 10

000000000 {/, PAO0OODOOOODO

e POODOOO :
000000000000

U Y =u(r), o =u(-"r)}

gooooood

A

Py = iy
Py =y

000000000000 DP) O

- (1)

Oooobobooooobog Ss;,gooboboboooogon

O30 00000

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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3.3 00000 (0O00O00)

Oo0O000OO00oo0oOooDoOooobooboboooo »0O 2—000DAODO
O000000000oooooo0g «00000o0ooo

7 = Ryr (3.21)

gbobobodgo RQDDDDDDDDDDDDD(S.ZUD

x cos) —sinf 0 x
y | = | siné cosf 0 Y (3.22)
2 0 0 1 z
gooogg
cosf —sinf 0
Ry =] sinf cosf 0 (3.23)
0 0 1
gododood

3.3.1 R, 00000

00 R, 000000O00O00OODOO0

e Ry R, 0O0ODODODO :
000000000 RyR, 00D0DO0OOOOOOO

cos#y —sinf; 0 cosfy —sinfy, 0
Rgl RQQ = sin 6, cosf; 0 sin 6, cosfy 0
0 0 1 0 0 1

COS(91 + 92) - sin(91 + 92) 0
= sin(60; + 605) cos(0; +602) 0 | = Ry, 40, (3.24)
0 0 1




22 O30 00000
gbbbuoooobbbuooobbboooon

eI OOODO -
000000 #=0000 R=/000000

e00000DODO :
D000 (R)*=R,000000

e [10O :
DDDDDDDDDDDDDDDDDDQQDDDDDDDDDDDDDDDDD
DDDDDDDRgDDDDDDDDD

Ro(Rp)t =1 (3.25)
goodogogano

3.3.2 OUOOOOOOoOooooog

0000000000000 00000000000000000000000
0000000000000 000000000000000000000000
00 R(0)D00D00ODOO

V() = R(0)9(r) (3.26)

OO00oobOdD .—00000 f0DO0DOOOOOODOODODODODObOO
goobobooooon

W' (r') = p(r) (3.27)
gooooooooon
Y'(r) = ¢(Ry'r) (3.28)
0000000000 000000000k 100000O00O00O00OO
1 6 0
Ry‘~| -6 10 (3.29)

0 01



33. 00000 (0DO0OO0) 23
000 ¢(Ry'r) O

V(r) = G(Ry'r) =z +0y,y — Oz, 2)

0 0
— 1 - R ... .
[ + <y8x xay>9+ ]1/1(7") (3.30)
Oo0ooooooooo e, d
(0 3}

OO000b0 A=10000000000

~

R.0) ~(1—il,0+--) (3.32)

OO00o0bO0o0 f0bO0bO0O0OOODOODObDdDODODLDODODOODODODO
DDD%D nU0O0O0000000

. 0.0\" .
Rwhwm@—%>sz (3.33)

n—00 n

OO0o0oboobooooboboooo bbb bOObOUODbDODbDObObOODODO

e R.(A)=c 0000000 :
D0000:-000000000000000000000 000000000
00000000000000000000000000000000000000
00000000000000000000000
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3.3.3 Euler0UOQOQOOOOO

0 ooboo

e

Y X
0000000000 00000 " Pl E
000000000000 Euler / f
“ I
0000000000000 Eu- '\\}, /
ler000000O00O0D0OOOO Ny /
/
EulerO0O (o, 5, y) OODOOO i err— — \>.7 /
00000 Euer 0000000 By e a\\\/
0000000000 000oon ) %S
O00O000Euer 000000 A\l 77 M
0000 R(a, 3, 7) 00000 "/ S
D0o0oooooog S
0 3.1: Euler O

3.34 00000 R(e, 8, 7) 00O

0000000 R(a, 8, 7) O

fi(oz, 67 7) _ e—iafze—iﬁfye—i'yéz

(3.34)

gbooboboobbobboobboboobooobuooboobobbbbo

O0O0000bO00bO0oboOo0obo0obOoboboOobO Euer0ogO

goooogn

gbobobbuooogobobuooooobobouooobbbouooooobbn
gboboboooobbbuooooboboboooobboboooobobbobboo

gbbobuoooobbobuooobbboooon
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e LIIIDDDOMO

000 —00000 «oO00O000O000004 ]A%Z(a)DDDD

e LD DOMO

OO0 vw—0000 00000000 00O

Ry, (B) = R.(a)Ry(B) R (a) (3.35)

gbooooogn

e IO DDOMO

o0 Z-0000~0O0OO0O0OO0ODOO ODOO

Rz(v) = Ry (B)R.(1)R,1(5) (3.36)

gboooogn

e L1100

gbbbooogoobbodooon

Rla. 8. 7) = R Ry (9)Re(0)
= Ry, (BB, (B)R:(0)R,(5) R (o) Be(a)
= Ru(0) Ry (9 R (0) R () Rel) R () (o) ) Ry () () e )
= R(a)R,(A)R.(y) = e t=e et

0000000 EulerO (o, 5, y) DO00O0OD0OOOCOOOOOO
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3.4 000O0O e00DOOOO

Ooo0ooooon }A%(oz, B, 7) = elabkemBle=t: I oxp 0OODOODODO
l,, ¢y, £, 000000 (generator) 10 0000000000000 O0OOODO
doooooooobooooooboooooooooooboo

e Lie OO
O000oooooooooon
Uy, Oy =il,, [y, U] =ily, [0, (]=1il, (3.37)

OO00O00000b0obO Lie0O00O0O0O0OO0OD0OO0ODOO0ODODODODODOOOO
oboboobooboobooboobuooboobooo

e Casimir O OO0
D00 #=02++0200000000000000000
6% 0]=0, (i=x 9,2 (3.38)

000000000 Casimir 000000 OB)0 SU(2)0O0O0O0DO0DO0DOOOOO
000000 SUB)0000000 Casimir 000000000 0OODOO

3.4.1 UOO0O0O4O0OO
0000000 €, ¢, 000000000000 Yy(d,¢) 0000000

Y (0,0) = L+1)Yon(6, ) (3.39)
CYon(0,0) = mYen(0,0) (3.40)

gbooboooobbobogooboboooon

Clm) = L+ 1)tm) (3.41)
C.lm) = m|fm) (3.42)

gbooooogn



34. 0000 eeDO0ODOOOO

e00000000D
000000000000000
Yim(m = 0,0 +7) = (=) Yom (0, ¢)
000000000
b/ Y, (0, ) Yo (6. @) sin 0d8dp = 6,
0000000

Lo, 20+ 1
2 Yiul0,0)Yem(0,0) = =

m=—{

00000000000 Yim(d,e) 00DDO0ODOODO

(=) e+ e—m),
20)11 J ey o)
df—‘rm

x (d cos 9)”’“(

Yom (‘97 90) =
sin §)2¢e™™?

gbooooo

3.4.2 0O00O0O0OO0O0OO0OOOO

27

(3.43)

(3.44)

(3.45)

(3.46)

OO00oO0booboonD 4, ¢e,0000000000O0L=6+¢000000

OO0000 &, (0000000000

Eﬂﬁlml) = 61([1 + 1)|€1m1>, 612|€1> = m1|€1m1)
£§|£2m2> = 62(62 + 1)|€2m2>, €QZ|€2> = m2|€2m2)

000000000L200000 |[LM) O

|LM> = Z (€1m1€2m2|LM) |€1m1)]€2m2>, with (M = my +m2)

mi, m2

(3.47)
(3.48)

(3.49)
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00000000000 (4mylams|LM) O Clebsch-Gordan 0000000000
00000 |[LM)O L2 L,00000

L2|LM) = L(L + 1)|LM) (3.50)
L.|LM) = M|LM) (3.51)

O000000000000000000 Clebsch-Gordan DD O0O0O0OO0OOODO
O00000000000D00O00O0n (349 0000000000000 0O0O

|€1m1)|€2m2> = Z(€1m1€2m2|LM) |LM> (352)

LM

o Clebsch-Gordan OO O OO

000 Clebsch-Gordan OO0 O0O0D0OO00OO0D0OOOOOOODOOO

Z (€1m1 gngLQ'LM) (€1m1 EgmglLM') = (5]\47 M! (353)

mi,m2

2(617711 €2m2|LM) (flm/l Egm/2|LM) = 5m1,m’16m2,m’2 (354)
JM

OO0 Clebsch-Gordan DO 0000000000 OOOOOODOODO

(JL My JoMy|JM) = (=)"277(JyMy Jy M| JM) (3.55)
= ()T = My Jy — My|J — M) (3.56)

Oobooooboono ccooo 30000

(3.57)

(J1My JoMs|JM) = (_)J1—J2+Mm< Ji s J )

M, My, —M

obobboboobo 3joboobbobooboobooboobon

Bk BN (B R B\ s (D T (g
M, M, Ms; Ms M; M, My M; M; )
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343 0O0O0OOO J=£+sO0000 s

OobooooboobooogooobbD J=¢+sUO000000OD0ODOOOO
gboboobodgag s:%DDDDDDDDDDDDDD J?, J, 000000000
00 Clebsch-Gordan OO0 O O0O00OD0O0OOOOOOOOOODOODO

1
M) = 3 (6 Sl EAL) Yo o, (3.59)

m,ms

oboobobobobooJoooooobobouboobobd xy, OODOO
000000000000 §2, s, 00000000

X;=<é>7 X_;=<(1)> (3.60)
goooooooo
9 3
S Xms = EXmsy S2Xms = MsXms (361)

000000 J?000000000 JOOODOODOOOODOOJO0ooooo
gbobboobooboobooboobobbobooboobooboobo

eJ2000OOO

o000 J? J, 0000000000000

jm) = 3 (6 maljm) Vi (6, 0) o, (3.62)

m, ms

DDDDDC]ebseh—GordanDDDDDDDDDDDDDDDjzéi%DDDD

1 (+m+1 (CFm+ i
g m =2y Yt T oy Yemii kg (869)

DDDDDDDszi%DDDDDDDDDDDD
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344 0000000 Rooooo b
0000000 RO Yuu(0,9) 000000000
4
RYim(0,90) = > Dl Yo (6, 0) (3.64)
m/'=—¢

googod DfﬁmDDDDDDDD ROOODODOOOOODODODOODOOOO
gboboooogoood

eJ0DDDODOOODODO TW

Dooooooooooooo 7 O

RT®R = Y D& 17" (3.65)

K

00000000000 7W 00000000000000000 Y, 0000
oboboobooboobooboobun vbwoboobooo

T® ~ CoYie, (CoO0O) (3.66)

gbobobooboobooboobooboboboobooboobon

3.4.5 Wigner-Eckart (00 [

0000000000000 Wigner-Eckart 10 00000000000000
00000 7® 000 |jm)0 |fm) 0000000000000 »—00000
0000 Clebsch-Gordan 000 0000000000000000000

1
V2ji+1
000000000000000 (||TW||#)0000000000000000

Oo00D000O0oDooDo m, m, x 0000000000 DODODODOOO0O00O0O0
Clebsch-Gordan OO0 OO Q0O QOQOOOO

GmITPNj m') = (7" m' kel jm) (G |T™]] 5) (3.67)
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e Wigner-Eckart 000000

000000000000000000007T®O|f#/m)0000000000
000000 (3.52)00

T8 5" m'y = C(T®) Y (5 m'kk|JM) |J M) (3.68)
JM
0000000000000 C(T™ D0 7® 00000000000000000

00000000000 JMOOOOOOO (3.68) 00000 (367000000
goo

Gm|TPlj'm)y = C(TW) 3 (5" m' k| JM) (jm|J] M) (3.69)
M
= C(T™) JZ(j'm’ kr|JM) 857 Smns (3.70)
M
= C’(T(k))(Jj’ m' kk|jm) (3.71)
gooooon
0000 Wigner-Eckart 000000000000 O0OOOO

GUT®]5")
NS

GmITP | m') = (' m’ kr|jm)
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3.5 Isospin [ [
00000000000000000000000

M, = 938.3 MeV
M, = 939.6 MeV

gbbobooodgbbbuooobobboooobbbooobbbuooobbboo
Oo0oooooboooobobooooooooooood sespmd0oooonon
gbobbooodgobbod

3.5.1 Isospin [

Isospin 00000 Pauli DO O0OO00OO00OO0O0ODOODOODODOOIsospin OO
goo t0

t=—r1 (3.73)
0000 0 PliOOODOO0ODODODOOOODODODOOOOODOO

T = (Tuy Ty, T2)

(23 (02 (1 3) e

000000000000
1
p) = (o)

) = <(1)> (3.75)

gooboooooboboooobobo . obbboooobobo

Tlp) = Ip)
T.In) = —|n) (3.76)
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gbboobuoodobibd isospin U

t:lp) = 5 Ip)
1

t:ln) = —5 In) (3.77)

0000000000 QRO Q=;1+7) 000000000000

Qlp) = Ip)
Q) = 0 (3.78)

gooo

3.5.2 Isospin DUOOOOOOO

000000000 (:—000)0

~

R,(0) = e7** (3.79)

OO0O0000D0000 Isespin DODOOOD0DO0ODOOO0OOOIsospin DODOOO
U~0000 «0O00O0D0O0O0DOO0

~

R.(a) = e "t (3.80)

gboooogooood

~ « 0%

R.(a) = cos 5~ iT, sin ) (3.81)

OO0000000000000000 expO Taylor 0000

. . i 1/aN\2 1 /—ia\® 1 /—ia\*
o = oo 6 () e ()
(@) € 5" 5\g) T\ ) ol ) T

= Cos % — T, sin % (3.82)

gbooboooon
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3.5.3 Isospin DO OOOOO

OO0O00b00oobobOooD sespin UOOOOOOODOOODOOOODOOODOO
oboooboon Vyy O

Vvn = [a+b(71 - 12)] Vo(|ri — m2]) (3.83)
O00o0o0oooboon e, b0DODOO0O0OO

e - 00000000 :
00 n-m»Olsospin 0000000000000 000000000O00O TO

1
T: 5(7’1 —|—’T2) (384)

D000000000 Isospin 0000000000 D0DO0 Isospin 000000
Ro(T;) = e~ (3.85)

gooboodoboodoooogoodoon 7;,0 7, 7, 7. 000000000
07000000

T2 = i(rf + 72T T)= ;(3 + 7T (3.86)
Doooood
T T;])=0, (i==z, vy, 2) (3.87)
D0000000000000000 «0000 T2000000
R(T)T* R,NT) = T? +iaT*, T}) + - =T (3.88)

obhougbuoobuooboobobobobbobbobd 7m0 Isospin U0
gbobobooogboobooood
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3.5.4 T?0000

gbobobuogoobbboogobbooooooboooobbbuooooon
000000000000000000000T?000000000000 &0
goo

T*®p =T (T +1)0r (3.89)
00000000000000¢t=10007T=0,100000000000

e 7'=0000 (singlet) :
goooooo

# = = (I~ [m)lp)2) (3.90)
gooooooo

T T2 (I’éo) = —3<I)éo) (3.91)
ogoond

e 7'=1000 (triplet) :
goodooo

1 _
21 = =5 (Iphin)z + Inhip)), @ = philp)a @177 = Inhiln), (3.9

00000000000000000
oo™ =0"  (n=-101) (3.93)

gooo
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3.5, OOOUUU4 Troon

000000 7,000 R(T,) =e ™= 000000000000 OODOODO
gbobobodo

R (T,) T, RN T,) = e "= T, "™ = T, cosa — T}, sin (3.94)

oobooobogoboooboooboobbo i boo0obo0ooboon
gbbbuooobobbboodobbbuoooobbbooobbbooaobbo

3.5.6 Pauli 000 SU(2)
SU(2) O special unitary 0 000 00000000000000 wO
u= et (3.95)
000000000000000ww! =100
wul = et ¢ = GiH-HT) _ 1 (3.96)
goad
H=H' ~ (H: Hermite matrix) (3.97)

00000 HO HemiteDOOOOOOODOOODOOODO

a b—ic
H = 3.98
<b+ic d ) ( )

oooooobobooood ab,e,d00000O0O00OO0ODOO

a b—1ic a 0 01 0 —2
I _ _ b 3.99
(b—l—icd ) (0 d>+ <10>+c<i 0) (3.99)
0000000000 Pauli0O oy, 0y, 0, 000

H=d +bo,+co,+d o, (3.100)

gboboboooobbobuoooobbobodao
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040 000 O(3) 000

0000000000000 00D0000000DooO0o00 O3)oooooo
gbbboodbbbduoobobboooobbbooobbboooobbboao
gbooboooobon

4.1 OO0 O(3)
0000000000 EderD o, 8, 0000000
R(o, B, v) = e e Pl (4.1)

Oooooooogoon Jg, Jy, J. 0 generator 0O OO00O000O00O00O000O0O
gooo

o, Jy) =ide, [Jy, J) =idy, [Jo)Jo] =i, (4.2)
0ooooo

41.1 J*0000
000 J*=J24+J;+J20000000000 Casimir 00000000
[J%J]) =0, (i=uz, vy, 2) (4.3)
000000000000 J,000000000000000000000

JAJMY = J(J+1)|JM)
J|JM) = M|JM)



38 040 000 O(3) 00O
0000000000 |M)=|JM)0DDOO0OO0O0O00O000
(M|J|M") = Moy (4.6)
0000000 Je O
Jy = J, £iJ, (4.7)
0000000000000 D0000

[, Ji] = £ Jx (4.8)

gbooboooooboood

J.Je—JoJ.=+J.|000 |M), [M)0000

(M| J.Jy — JoJ.|M') = £(M]|.J.| M)
ooooo (M — M F 1)(M|J| M) = 0 (4.9)

oooooooo | M=M=F1|0000 (M|JL|M')=00000000000O
gbbobooodgobbod

(M]J M —1) =
(M|J_IM+1) = B (4.11)

N
—~
=
—
(=

000 A BOOOOODOOOO
J J =0T~ J. =J]*>0 (4.12)
0000000 -J<M<JOOOODOOOODOOO0O0O
(JIJ_J |y = (J|J* = J?> = J|J) = (J|J*J) — J(J+1) =0 (4.13)
Doooooooo
(J|J?|J) = J(J +1) (4.14)

gbooooog
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4.1.2 J, 0OOOOO

00 J. 00000 (MJM—-1)0 (M|J_|M+1)00000000000
000

(e, J_] = 2J. (4.15)
00000000000000 |M)0000000

(M — 1) J_|M)]* = (M]J_|M +1)|* = 2M (4.16)

000000000 |F(M)=|(M—-1]J_|M)? 0000000 (4.16)0

F(M)— F(M+1)=2M (4.17)
000000000000 k0000
F(M) = F(M + k) = 2Mk + k(k + 1) (4.18)

0000000000000000000000000000000000000
00000000000 [k=J-M+1|0000

F(M)—F(J+1)=(J - M+ 1)(J + M) (4.19)

000000 F(J+1)=0000000O

(M = 1|J_|M) = /(] = M +1)(J + M) (4.20)

gbooooogn

(M +1J M) = /(] = M)(J + M + 1) (4.21)

gboboboobooboobuooboobobbobooboobd



40 040 000 O(B)00D0
4.2 DOOOOO
Joodooooon
R(a, B8, v) = eio)z gmiB Ty o=z (4.22)
gdooouoouoooooodgo

DY) (R) = (M]e— % ¢8>

K) (4.23)

Dooooooooooon P (R 0000000000000 0000000
00000000000000000000000000000 SU(2)0000n
0000000000000 SU(R)000000000000000000000
0 00000000DOO

DW(R™Y) = e =etlugiod: (4.24)

gbbobooogbbbuoooobbbuoooobbobuooooboboan

42.1 DY(RHYDDDODODODODOO
000 DYRYHYO «000000D0DDDDODODOOOOOO
o)

—i—DY(R™) = DY(R™)J, (4.25)
Oa
O000O00pgoOO0OO0OO0O0O0DOOoOoOon
—Z%D(J)(R_l) — eszezﬁJnyezoch — eszezﬁJyechz 6—zanJyezo¢JZ

0000000000 |eekjee” =, 000000

—4§;[ﬂ”(R‘U::[ﬂ”(R‘UJm (4.26)
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-1
00000000+0000000000{(DY(RY)) LDY(R™Y)=J,/000
000

—i—DY(R™Y) = J.DY)(R™Y) = DY)(R™Y)Jy (4.27)

goobooo

eJ, J, J.O00O0O0OO

ooo J, J,000000000000-.~0000 o000
Jz _ 095 a —sina I, (4.98)
Jy sina  cos o Jy

Jp = J, £iJ, = e (J,, £iJy,,) (4.29)

Oo0odad

Oo00ooooooog Jy, Jyoood pooooad
Jx _ c?sﬁ —sin 3 . (4.30)
Jz sinf3  cos( I

Jz = Jy, sin B+ J, cos (4.31)

goobobodgo

oboooobooooonb J,=J, 0000000

eI pgOOODOODO
Joogooooo

1
sin 3

Jo = eFe ( (Jz — J.cosB) £ in1> (4.32)



42 040 000 O(3)0O00O

gbooogogn

sin 3
0000000 O (4.25), (4.26), (427) 00000000

, 1
DRIy = eFeDY(R™) (iijyl + ——(Jz — J. cos ﬁ)) (4.33)

; 0 1 o o
i |4 7 - VI pD(Rp = pUO(Rp-1 434
e [ 86+sinﬁ< 87+003ﬁ8a>1 (R7) (RY)Jy (4.34)

000000000 |K)O [M)0000000000

0 1
[i% sy (K — M cos 5)1 D\ (B)* (4.35)
= DSy c(B) (T F M)(J £ M +1) (4.36)
goooono
Dk (8) = (M|e7|K) (4.37)

gbooooggn

4.2.2 0O000O0O0O0O0

goboboooobbboooooooboboboooonboon

o M=J0000

gbooboooooood

9,1
of  sinf

(K — JcosB)| D\(B)* =0 (4.38)

oooooo pY(3) 00000000000000000

dDS2(B) 1
d3 ~  sing

(K — Jcos B) DSA(5) (4.39)
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guoooooboobboood
In DS‘Q(ﬁ) = —Klntang + JInsin B + Cp (4.40)

Oooooc,bobooooooonogn

J-K J+K
DE,‘Q(ﬁ) = Ay <sin g) <cos g) (4.41)

O0000O00DOD000D0 A OObOOOOD

eI MDOOODO

MOooboooooooboobooooboboboooooboboboboo
ooooo

7 . \M-K (J+ M)
Diii(8) = () J(J_M)KHK)!U_KMX
S (Y (;Z) - (4.42)

000 ¢=sin*2 0000000000000 DOO D§x(R) O
Diix(R) = e M=K D () (4.43)

gbobobooogon
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423 DUOOOOO
gboboboogobooboooobo

e /=10D0OO
J:%DDDDDDDDDDDDDDDDDDDDDDDD DOOOOOOO
DG (B) = (M]e5 |K) (4.44)
Oo0oooono
1
D](\jl);((ﬁ):<M\cos§—iaysin§|}() (4.45)

1
00000000 DEh(a,B,v) O
1 . A B8 _gipn8
Diiic(a, B,7) = emieM=0K ( vy TN ) (4.46)

S1n b COS b

oooooboob M, KO %, —%DDDDDDDDDDDDDDDDDDDDD

e /=10D0O0O0
J=1000000 J, 0000000000000

(M 4+ 1T |M) = /(] = M)(J + M +1) (4.47)
(M = 1|J4 M) = /(] + M)(J — M +1) (4.48)

gboboboooobboboooon

J, = (4.49)

o E‘s o
Sk =gl
|
R
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45
ogoooooo JSZJyDDDDDDDDDD
D (8) = (M= | Ky = (M|1 —iJysin 3 + (cos § — 1)J2|K)  (4.50)
ooooodoo J,ooooooooooood
o cos? 2 —% sin  sin? &
DV (a, B,7) = e-ieM—0K J5sind  cosf3 —J5sin B (4.51)
s1n2§ %smﬁ cos? &

ooooboooboooobo M, KO 1,0, -100000000000D000OO
gbooooo

e JUODODODOOU

O00000000000000000 (442)000D0O0O0O0OOOOOOOO

O0000000SyU(2)o000oo0o000oo0oooo0n 442)000DO
oboooooooo
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050 SU(2) 00O

00000 SU(2) 0000000000000 Su(2)oooooooog 03)
000000000000000000 bDOoOoO0DO0DoOOoO0OO0 O3)0 booOoOd
O000000000SU(2)D0000D0O00000000O0oooooOO Su(2)
gboboobooogobobodb

5.1 SU(2) 00000

SU(2) 0000000000000 00000000ODODO0000OoOooooOO
O00000000SuU(2)ooooog

a —b a* b
= f= 5.1
000000000 Ospecial unitary 0000 wu!=100000000

lal* + |b]* =1 (5.2)

O000000O0det{u}=100000000000000000000000O0

e LIIILIODO

SU(2) 000000000 4|000000000000 UO0SU@)o00
0oooooo

Us = as+ by
Un = —b{+a'n (5.3)



48 050 SUR) OO0

000000000 SU(2)0000000000000000oOoO0oo0oonood
gbooboogooad

U, nl = [U¢ Un) = [a& + by, —b + a1
ey ) (5.4)
a
0000000000 D) O
b= (4 )= 55)
b* a

00000000 SU()Ui00oooooooooono 2oooo0o0ooogd
obooobooooooooboodon a, b0

a = e 2@ cosé
2
b = e 3l Sing (5.6)
dooobOood
—4(at7) B =% gin 8
Ly _ [ €72 cos 5 e > sin 5
D) = ( e 2@ gin 2 e 2@+ cos 2 (5:7)

0000000000000 DO0O000OD (446) 000000C0O0O
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5.2 J=1000
00J=1000000000000000000

Us = as+ by
Unp = —bé+a'n (5.8)

0000000 J=1000000 (f1, fo, f) 0000000000

flzés% fo=én, f_lzjinQ (5.9)

goo

Ulfy, fo, fl =[Uf, Ufo, Ufi] (5.10)

gooboogood

e Uf,00DO

DDDUﬁDDDDDDDDDDD

0f = \}ﬁ(Uﬁ)(Uﬁ) - %(as HIP = @+ (P 2y (5.11)
gdoooodd
Ufy = afi + V2ab* fo + (0)%f (5.12)
gdooodg

o Ufy, O Uf, 00O
Doooo Ufb0 Uf, 000000

Ufo = —V2abfi + (la]* = b]*) fo + V2a"b* (5.13)
Ufoy = b2fi —V2a*bfy + (a)?f_ (5.14)
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gbboboogogbbboooobon

a® —V/2ab b2
Ulfs, foo foal = [f1, for fa] | V2ab* Jaf2 = [b]> —v/2a%b (5.15)
(b*>2 \/§a*b* (a*)Q

obobooboobooboobo bbobgboobogo

a = 6—%(a+7) COS @
2
b = e 3@ Mgin g (5.16)
OooooDbodo
(g e et
DY) = %6_” sin 3 COSQ _,%em sin (3 (5.17)
eila=7) gip?2 g %ew‘ sin 3 et cog? g

0000000000000 J=10DOOOO0O0O (451)00000000



53. UbOooboobood 51

5.3 UUOOOOOOOoOn

ododooooooooooooooiodoooooooooooooooo
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6.2 SU(3) O Generator 00000
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6.2.2 SU(3) O Generator
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6.4 Young Diagram
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7.2 OJOooon

obobboobooboobooboobboobooboobooboobo
obooobobbobobobo

7.2.1 Scalar S =717

00000000000 (r-7) 0 SOO0O0OOO0OO

S = (F)+ (%)= + (F)-(F)1 + (F1)o(r2)o

47
= ? (—5/1,1(91, 901)3/1,71(927 902) - 5/1,71(917 <P1)Y1,1(927 902>
+Y70(61,91)Y1,0(02, 902)) (7.3)

Ooboobo J=¢6+¢ 00000000 JODOOODOOOODOODODOODO
gboboobuooooobooo

J?S =0 (7.4)

00000000000 SO000000000 J?00000000000000
OJ=0000000000

7.2.2 Vector V =7 X 7y
0000000000 (rxr) 0 VIOIOODOOOODODO V0000000
Voo = i)+ ()= = (7)-(02)s)
47
= 3(—3/1,1(917 ©1)Y1,21(02, p2) + Y11 (61, 1) Y11(6o, 902)) (7.5)
ogooooooooooooooooboobono
JVy =2V = J(J + 1)V, (7.6)
Oo0ooooooooo viooooooooo J=100ooooooo



68 7o 0oboo

723 S, Vv OOOO

oooooooooboobobobOo sSsboboviooboboboooooo
gbboooobbbdooobbbuoooobbbooobbbooobbboo
0000000000 YVin(A,o) OOOODODDOOOOOODO0OO0OO Yeu(0,e) O
¢cOogdoooogobooooooobobooobooboobboooDobooobooboOoD
gbobboodgbooboooobboooobbbogobbboooboboo

ng<7T — 0,0+ 7T> = (_)eYém(Qa 90) (7'7>

oooobobodle=0,200000000000DO0O00O0 0,2000000D000D0O

7.3 0(7.4),(7.6) 000000000000

LYy, = mYi, (7.8)
L.Yi1 = V2Yvi, (7.9)
LY, = V2vi, (7.10)
LY, = V2Yi, (7.11)
LYy = V2Yi_, (7.12)

L* = L,L_+L*—1L, (7.13)
0y = ;(efegwfeg)wfég (7.14)



7.4. Group Theory for Landau-Yang Theorem 69

7.4 Group Theory for Landau-Yang Theorem

Photon is a bose particle with a spin of 1. Thus two photon states must be
symmetric under the exchange of two photon states, and this is just what we should
keep in mind. Now two photon states can be reduced to the total spin states of
0, 1 and 2 where the total spin operator J is the sum of spin operator of photons
S1, So. Therefore, J is written as J = s; + s3. In what follows we prove that a
massive particle with spin 1 (here we consider Z°) cannot decay into the two photon
states. This is the result of the kinematics, and we see that the two photons must
be in a symmetric state due to the bose nature of photons while the total spin 1
state reduced from 1®1 should be anti-symmetrice. This is just the essence of the
Landau-Yang theorem.

7.4.1 Reduction of spin 1 ® 1 states

Here we present an example of the reduction of spin 1 ® 1 states in terms of
O(3) group theory where the spin operator s is replaced by the angular momentum
operator £, for simplicity. In this case, the equation of reduction of 1 ® 1 states can

be written as
{1 @ P} = (F1 - T2) @ (71 X 73) @ [ @ 7] (7.15)

where 1%, 7y can be defined as

1 .
ry = —(x+iy) = —=sinfe'¥ = Y1 41(6,
+ \/§T< y) \/5 + 3 1:|:1< 90)
z 4
r = —_ = ‘9 = _ 0 .
To . COos 3 1,0( a‘P)

In this case, eq.(7.15) can be rewritten in terms of spherical harmonics Yy, as

M) en2)} =M1 Yi@2)e V1) x Yi(2) & M(1) @ Yi(2)]®
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e Scalar

Here, the first term S = #; - 75 in the r.h.s of eq.(7.15) corresponds to a scalar
state. This is obviously symmetric under the interchange of 1 <» 2. Further we can

prove
J?S =0 (7.16)
and thus the S state has a spin zero.

e Vector

The second term V' = 71 X 5 in the r.h.s of eq.(7.15) corresponds to a vector
state. This is anti-symmetric under the interchange of 1 < 2. Now the spin 1 state
should correspond to the vector state. Here we should prove that the vector state
V has a spin 1 as the eigenvalue of total angular momentum J. Namely one may

prove
J'V =2V (7.17)

which means that the eigenvalue J is J = 1. In order to prove it explicitly, we may
only consider V; term since this is, in fact, without loss of generality. Now 1} can
be written as

Vo = i[(r)+(r2)- — (r1)-(r2)+]
= ﬁ [=Y1,1(01, 01)Y1,-1(02, 02) + Y1101, 1) Y11 (02, 02)]
After some tedious but straightforward calculations, one can find
J?Vy =2V} (7.18)

which is just the same as eq.(7.17).
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7.4.2 Rank £ Tensor and Tensor Product

A tensor with rank % is denoted as T®**) . and the tensor product of two tensors
Tl(kl) and T. 2(k2) is reducible and can be written in terms of the sum of irreducible

tensors as
I 6T — [ o T o I e T ™ (19
where ¢ = |k; — ko| and m = ky + ko are the conditions from the summation rule.

e Rank One Tensor Product

Here, we discuss the tensor product of rank one tensors and thus eq.(7.19) becomes
Ven' =r"en"9e Y e "V e 1Y @ TV@. (7.20)

Now the first term [Tl(l) ® T 2(1)](0) should correspond to the scalar product and can

7O

be written as (T} - T, ). This is symmetric under the interchange of 1 < 2.

e Vector Product

The second term in eq.(7.20) should correspond to the vector product and can
be written as (Tl(l) X Tz(l) ). This is anti-symmetric under the interchange of 1 < 2
since

(T x T = — (1Y x V). (7.21)
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7.4.3 Landau-Yang Theorem

Photon has a spin 1 and thus it should correspond to the state of rank one ten-
sor. Therefore, two photon states can make the states of rank 0, rank 1 and rank 2
from the group theoretical condition. However, there is a physical condition which
is related to the bose nature of photon. Since photon is a bose particle, two pho-
ton states must be symmetric. Therefore, this physical requirement excludes the
possibility of rank 1 tensor state (vector product) of the two photon state since it
is anti-symmetric as we see above. Therefore, massive spin 1 states (such as Z°
particle) cannot decay into two photon state. On the other hand, massive states
(such as 7 particle) can decay into two photons, which is indeed observed. This is
just the Landau-Yang theorem.
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[0 80 Quantum
Chromodynamics

Quantum chromodynamics is the theoretical frame work in which one can
treat the physics of the strong interactions. This is the non-abelian gauge
field theory, and it cannot be solved in the perturbation theory since the
free Lagrangian densities of quarks and gluons are not gauge invariant.
In the perturbation theory, we describe all the physical observables in
terms of the properties of quarks and gluons, and if they are not related to
physical observables, then there is no point of employing the perturbation
theory.

8.1 Introduction

Physics of the strong interactions is described by quantum chromodynamics (QCD),
and this is by now well established. Many experimental observations support that
the number of the color must be three, and interactions between quarks should be
mediated by gluons which are gauge bosons with colors. In addition to colors, quarks
have six flavors of up, down, strange, charm, bottom and top.

However, it is extremely difficult to solve QCD in a non-perturbative fashion and
obtain any reasonable spectrum of hadrons from QCD since quantum field theory
has infinite degrees of freedom. At the present stage, one should make some kind of
approximations in order to obtain physical observables. The perturbative treatment
is the only possible method to calculate physical observables. However, there is a
serious problem in the unperturbed QCD Hamiltonian since there are no free quark
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and gluon states in physical space, and indeed the unperturbed Fock space is gauge
dependent. In addition, we present an inherent problem connected to the gauge
non-invariance of the unperturbed and interaction Lagrangian densities due to the
non-conservation of the quark color current. Therefore there is a basic difficulty
of carrying out the perturbative expansion. Here, we clarify what are the physical
observables in QCD since some of known quantities are not gauge invariant and thus
they cannot be observed.

8.2 Properties of QCD with SU(N,) Colors

In this section, we explain some fundamental properties of QCD which are im-
portant for the understanding of the difficulties in QCD.

8.2.1 Lagrangian Density of QCD

The Lagrangian density of QCD for quark fields ¢ with SU(N..) colors is described
as

o 1 )
L =9(iy"0, — gy Ay = m)ip — S Tr{Gu G} (8.1)

where G, is written as

Guw = 0,A,—0,A,+ig[A., A (8.2)
N2-1

A, = AT = > AT (8.3)
a=1

Here Af denotes the gluon fields and T corresponds to the generator of SU(N.)
group and satisfies the following commutation relations

[T, T = iC*T* (8.4)

where C%¢ denotes the structure constant of the group generators. For SU(2) case,
the structure constant C%¢ becomes just the anti-symmetric symbol €. In eq.(8.1),
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Tr { } means the trace of the group generators of SU(N.), and the generators 7

are normalized according to
1
Te{T°T"} = 55@". (8.5)
Therefore, the last term of eq.(8.1) can be rewritten as

1 v 1 a a, v
§T1"{GWG” } = ZGMVG # (8.6)

where G, is described as
G, = 0,4, — 0, A), — gC“bCAZAi. (8.7)

m denotes the fermion mass, and at the massless limit, the Lagrangian density has

a chiral symmetry.

8.2.2 Infinitesimal Local Gauge Transformation

QCD Lagrangian density is invariant under the following infinitesimal local gauge

transformation

V' = (1—igx)y = (1 —igT"x"), with x =T"x" (8.8)

Ay, = A +iglAL x] + dux or
Al = AL — O AN X + X (8.9)

"

where x is infinitesimally small. By defining the covariant derivative D, by
D, =0, +igT"Aj (8.10)
one can see

D' = [0,+ igT* (A} — gC“bCAZXC + 0, x)|(1 —igT“x*)Y (8.11)
= (L —1igT*x") D (8.12)
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Therefore, one can prove that

Pyt D ' = iy Dy (8.13)
G = (1—igT*x")Gu (1 +igT*x") (8.14)

and one obtains
Tr{G ,,G"} = Tr{(1 —igT*x")G W G" (1 +igT*x")} = Tr{G,,G"}. (8.15)

Therefore, one sees that the Lagrangian density of eq.(8.1) is invariant under the

infinitesimal local gauge transformation.

8.2.3 Local Gauge Invariance

Now, the local gauge transformation with finite x is defined as
A = VAL (0 = LU0 () (8.16)
o= UY (8.17)
where U(x) is described in terms of x as
U(x) = e 9. (8.18)
Here, one can easily prove the following equations

i D' ) = iy Dy (8.19)

G =UX)GuwUX) ™ (8.20)

and by making use of the following identity

3G G = 2T, G = 2TH{G G = 3 G, G (8.21)
a=1

a=1

the gauge invariance of the Lagrangian density is easily seen.
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8.3 Noether Current in QCD

7

The QCD Lagrangian density is invariant under the following infinitesimal global

gauge transformation

o= (L —igT0")y
Ay = AL — gC™ ALY°

where 0 is an infinitesimally small constant. In this case, one finds
oL =L, o, A" 0,A") — L, 0,1, AL, 0,A%) = 0.
By making use of the equations of motion, one obtains

0L = |~ig(i0upy" T + iy T 0,1))

—g(9,Grr et AL 4 GrreCtee, AL)] 6% = 0.

Therefore, one easily finds that
8u (?Z’Y“Ta?ﬂ + Oach/u/,bA,c/) —0.
This means that the Noether current
[ra = jia 4 CabeGrb A
is indeed conserved. That is,
0, I"" =0
where the quark color current jj is defined as

jz = 'JJ’Y;AT%D'

(8.28)

(8.29)

(8.30)

Thus, the quark color current alone cannot be conserved, and therefore there is no

conservation of the quark color charge. This is consistent with the fact that the

color current of quarks is not a gauge invariant quantity.
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8.3.1 Conserved Charge of Color Octet State

From eqs.(8.29), one sees that the color octet vector current of one quark and one
gluon state " is conserved. Since J,/"* is a gauge invariant quantity, one can

integrate it over all space

d dQ9 dQy
[u,aS — /IaB / .Ia3 — I /Ia. — I _ 31
/8# d’r pr od’r+ [ V- I%d’r o + s o 0 (8.31)
where the color charge Q¢ is defined as
Q4 = / 1%d3r. (8.32)

Therefore, the color charge Q)¢ is indeed a conserved quantity, and there may be
some chance that the color charge ()7 becomes a physical observable.

8.3.2 Gauge Non-invariance of

Interaction Lagrangian Density

The interaction Lagrangian density of QCD that involves quark currents is written
L;=—gj, A" (8.33)

Now, the interaction Lagrangian density L£; is not gauge invariant, and therefore if
one wishes to make any perturbation calculations involving the quark color currents,
then one should check it in advance whether one can make the gauge invariant quark-
quark interactions. The interaction Lagrangian density is transformed into a new

shape under the infinitesimal local gauge transformation
Lr = —gj, (A" 4+ 9"x") (8.34)

where the second term is a gauge dependent term. In the same way as QED case,
one can rewrite the second term by making use of the conserved current as

_gjgauxa — _gau(jzxa) + goabcxaauGZVAu,c‘ (835)
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The first term is a total derivative and thus does not contribute. However, there
is no way to erase the second term which depends on x*. Therefore, one sees that
one cannot make any simple-minded perturbative calculations of quark-quark inter-
actions in QCD, contrary to the QED case where the electron-electron interaction
is well defined and calculated. This means that there is a difficulty of defining any
potential between quarks, and this is of course consistent with the picture that the
color charge of quarks are gauge dependent and is not a conserved quantity.

8.4 Equation of Motion

The Lagrange equations of motion now become

(i9"0u — 97" Ay — mo)¥ = 0
(3HG“’”“ _ g[u,a =g (jl/,a + Cachup,bA;) . (836)

One can see that the equation of motion for the gauge fields has gauge field source
terms in addition to the quark color current. Even though the equation of motion
looks similar to that of QED, physics of QCD must be very different from the QED
case. Now, one can introduce the color electric field E* and the color magnetic field
B® by

A a
E* = — (%}f) — VAL — gC AP AC (8.37)
1
B*=V x A" + §g0“bCAb x A°. (8.38)

It should be noted that the fields E* and B® themselves are not gauge invariant,
contrary to the QED case. Now, eq.(8.36) can be rewritten in terms of E* and B“

V. -E*=gj?— gC"™A". E° (8.39)
E°
V x B — aat _ gja . gCabC (ASEC + Ab % BC) ) (840)
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From eq.(8.36), one sees that the current I is a conserved quantity, d,/** = 0.
In order to solve the dynamics of QCD, it should be inevitable to take into account
the conservation of this current I*®. A question is, of course, as to in which way
one should consider this effect of the current conservation in QCD dynamics, and
this is still an open question.
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