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In(1+x) =2+ ..

5. Ouggd

da™ a qn+l

- —az? 1 n!
/ x2”+1e ax dI‘ _
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(d) divergence
o 04, 04, O0A,
divA =V A= g + 9y + ER
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T .
(¢ DODODOOOODDOD TODOO S:/ Sat 00000000000 Kepler O
0
gooboodon

6. OO F=—kr00000000O0OODODbOOOOOOn

Hint: The trajectory of the ellipse can be written as

ZEQ y2

In this case, one can use the fact that the square of the ellipse S is S = wab.

14



1.

3.

0000 No. 6

gboobgooboobb b MorseUODODODO DOODOODOODO

A —ar 1 —2ar
U(r) = E(—e + 5¢ )

() OO ODDODDODOCOOD O r=000000000 r0O00000O0O0O0OO
(b DOOOODODOOODOO NoSOD 600000000000 OOOCOOOODOOM

0000000000000000 ¢ 000000
000000000000 Ur)=meé(r) 10000000.0
00000 p0O000O0 M,00 ROOOOOOO0OO

3.7
__G/ pa’r
|r—1'|

goooboodgg

A \B
(a) p0 M,ROOOO m

(b)

) r<R

r>R

gooo

(¢ D00ODDOOCOOOUOO0O0OODODOOOOOOOOODODO
gobboooobbbd nO0o0obbbooooobon

(d) 0000000000 ADO BOOOODODOOOOOD
(R=6.4x105m, M =6 x 10** kg, G = 6.7 x 107" Nm?/kg?).

gogbbobooooboboboooooobooorbbboooobobbooooboon
gbooggoboobobogboboobuoobobobboobboobobogbogor"boo
gbooooogn

() 00000000
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4.

5.

(b) OO r%DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gobboooooboo

o) = ¢ [ PN

s> =R2+r?>—2rRcosh

gboboboooobbouooobobod

olr) = =G [ p(R)g(s)av

0000000 dV = R*dRsin0didey.

C

goon g(s):TDC,aDDDDDDDDDDDDDD rdooooooot
S (03

ogooooon

Hint: Use the following identity.

sds = rRsin 0df

Then, define G(s) = / s'g(s')ds’. In this case, a part of the integrand can be ex-
~ 0 ~

pressed as (G(r + R) — G(r — R)). Further make use of the Taylor expansion for

(G(r+R) — G(r — R)) since r > R .

00000000000000000000000000000000,0000000
0oDO000 Per)=24T() D0D00DOO0DOOD
7

O0000p,; 000k 00000, 0000

() 0000000000
P GMp,

dr ~  R3

r

gooo

(b OODODODOODDOOODO0ODOOO0OOOOOOOOO ~ 6000K.
p=1g/mol, k=283x10" erg/mol/K, M =2 x 103 g, R=7 x 10® m.

0000000000000000000 100 /em?®, 000 500 km/sec 0000
gboboboooobbbuooooboboooobooooon
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6. No.bDOODO CoulombOODOOOO Yooooo mUOdOo0Oo0ooooon
r

do — P2
N

OO00O0DbOobooooonog Coulomb DOOOOOODOODOO

‘
=dr

() 000000000000 »OOOO0ODUOODODODOOOOOOO VbODOODOODODO
O0O00obD FpOO0OODODO 0 mb,v0000

(b) OO ¢ O
/00 T%dr
Yo =
e fom (B — 2 — 525)
ooooooooo r,,, 0 DO0ODOO0O0O0OO0OO0OO0O0O0O00O0000O000O00O0
ogd
QOOZCOS_l muv2b -
1+(m(1);2b)
o000
db
(¢ 00DODODOOD ¢DOOODOOOODODODOOOOOODODO d0:27rbd6|d9D

OO00000D0000 Rutherford O OO

a\? 1
=(— )] —dQ
do <4E) sin® gd

0000 000 dQ = 27rsinfdf.

17



JoO0000 No. 7

1. 00O00OOoboobOo+/s0obobooooombOOobogon
Dbooboobooboobooboobo gboon M

(a) Lagrangian 000000 4 9.
(b) 00O0D0DOOOO
(¢ DODODODOOODOOOOODODO

M 5
0 o’
FhG:/
(k. 5) 0 V1 — Ek2sin® ¢
sfsisfstslsis)sls
2. 0000O0DO0O00O0O0DO0O00O0O Lagrangian O
1,1,
L:§m1r1—|—§m2r2—U(r1—r2)
0ooo
(a) R=TfitMel2 L, 0000000 RO0O0O00 r0000 LOOO

mi + Mo
0o

(b DOOO P=mr+mei, 00000000000
(C) ooogo L:r1Xp1+r2Xp2(DDD plzmli‘l, pzzmgfg)DDDDDD
ooboooboooboooooooobboooboobooooob g=wr00o0og
My

00 00000 p=—2-0000
my + mo

() LOOOOOOO0O0 U() 0000000000

3. UbOoOoooon

(a) DO0OOO0O0O0 m, 00 ¢, 000 me, 00 ¢, 00 Lagrangian 0000
(b) 0000000000

(¢ DOODDOODOODOO m=my=m,l1=(=(00000000

18



4. 0000 Lagrangian

O00 Galilei DODOD0OODOODOOOOOOODOODO

(a) 0000
'y =z + a;, vi=vyi+a

(b) OO

3 3

33/1' = Z Uij$j7 y/i = Z Uijyj
j=1 j=1

3

j=1
(c) 0O0OO0D0OOO

'y =it + @y, Yy = vit +yi (v 0O0)

5. Lagrangian for N particles interacting each other can be written as

1N N

i>]

N

Prove that the total momentum P = Z m,;T; is conserved.
i=1

6. gbodgbo 30000000 m0O0O
o000 kDO0D00Ob0O0oooonog
obobooboobooboobon
obobobobboobooboobooo
ODoOooooos0oOooO

(a) Lagrangian 000000000000 OOO0O0OODODOOO

(b) 0000000 Q1,Q,,Q; 0000
00000 Lagrangian 000000000000 000000000O000O

19



0000 No. 8

L 7

1. 000000 00 mOOOooOoO
gbooboooboboboooobobbdao
ooobooO k0000

x=

>
~>

(a) Lagrangian 000000000,
ooooooooon m

@)DDDT:ZMM(LH$>DDDDDDDDD
g

1 1
2. IﬂgmgmnELL:§nm2—§mw%¥+xF@)DDD[M]DD[M]DDD

® > am e e

goobooogn

(a) O

(b) F() =0 0000000 200000

(c) F(t)=acost 00 () 00000000000 20 23 =bcosyt 0000000

(d) (1)0000000000 (b)000 ()00000000000y—wO0000
gobobbio™mobbuoobo y—-wboobboobboboobbbooo o

goboboooobbbuoooobbboooobobogo

(e) y=w+e000 e<xw 000000 z=Ccos(wt+d) 00000000000 C
gboboboooobbbouoobbobod

3. Lagrangian [

_1 -2 -2 1 20,2 2
L—§m<x +y>—§mw0(:ﬂ +vy°) + axy

gboobooogooboood

() 0000000000

(b) x =Ae™ y=Be*' 000000000

1 1
¢c)z=—u+4+v),y=—(wu—v) 0000 Lagrangian 0O O00O0OOw, v ODOOOO
() ¢§ )y ¢§ ) grang
O00000000000oDooO0 (h)ooooooooooooooo

<<w8DDD:UD yuouoobooogooobooboood

20



4. UO00U000od0oooouu mUbb0O0o0ooUoUUUbUbbbbbbboooooOoo
000 £=/{y(1+ecoswt) 0000

9,
(a) 00000 Lagrangian 00 000000000000
(b) 0000 YO000O000O0000 2000 (0,9,
. ]
. —g+t 9,
xr =
14 m
000000000000g¢0000000 ' Tx

() e< 100000000000
i ={-wi + e(ws — w?) coswt}x
J00ddbdbbDwy O KDDDDDDDDDDDDDDDwoz\/zDDDDDD
00000000 2(0)=A,#(0)=0000000
x(t) = A(coswot + €£(t))

O0000e000D0O0O0O0O0O () DOOOO

(d) (¢ D0OD0OOD w— 2w, 0000000 DOODOOOOOOOODODOOOOOO
goo

5. 00 (¢)00000 w=2w OO0ODOOOOOO0O0OOODOODOOOOOOO

i = —wi(1 + 3ecos 2wpt)x

000000000 z(t) = a(t) coswet + b(t)sinwet 0000000000 a(t), b(t) O
coswot, sinwet 0000000000000000000000000000000000

(a) q, 0000000 O0OOODODODOOO

. 3
asinwot — bcoswot = 76w [a(cos wot + cos 3wpt) + b(— sin wyt + sin 3wpt)]

2 =
(b) t000 fO0000 200000000 < f(t) >= =2 [*

= Hdt O0Oooagdad
Wy 21 Jo f®)

< cos mwyt sin nwot >= 0
Omn

< €oS mwyt cos nwot >=< sin mwyt sin nwot >= %

0000000 nom=1,2,...

21



(¢ DOODODDOODOO
a:—zewob, l.):—fewoa
0000000 e, b000000DO0ODOO
<at)f(t)>=a(t)< f(t)>000000000O0

(d) (¢)D00OC0OOO0O0DOODOOOOOOOOOO0OOOOOOOOODOOOOOOO
gobooo

6. UQoOoboOoboOoobooobobL roooboobobooovooooobobooTTOo Vv
0

T = f(q)d*

V=V(q)

OO000D0000O0Lagrange OO0 OOO0O0OOD0OOOODOOOOOOO

22



0000 No. 9

NOOOOODOODO Lagrangian 0 L= L(qy -~ qny -+ -4n) 0000 L(gs,¢) 000D
0L

gobgoouooono ooo piDpiEa_ ogooood
4i

Hamiltonian H(p;,q;) O H(pi,qi)EZq‘ipi—LDDDDDDDD ¢ 00 p, 00000

goo

oH _ . oH
Op; -0 0q;

000 0O (Note: These equations are called ”Hamilton equations”.)

oo mOobOOooooogoog s

3 (dx;\’
S:—mc/dt\lc2— E (dtl>
i=1

000 Lorentz UDOODO0OD0OO0ODOOODOODOOODDO cODOODOO

D000z =2, 2o=y, xs=2z 00000000

(a) OO

3

/ /

t:t, in:ZUi]’x]’
=1

000 UO000000000
(by 00000000

v
¥ = x4, 2y = 19 2’3 = (w3 — vt), t'=~(t — 6—23:3)

1
1— v

c2

oo, ~v=

23



3.

4.

b0 mO00000O0OO Lagrangian [

3
— _ 2 _ .2
L =—mec,|c Exl
i=1

(a) Lagrange 00000000000 OOOO
(b) x; DOODODODOOUOOO0OO OO0 p; 00000 Hamiltonian 0000 O

(¢) Hamilton 0000000 (a) D000 Lagrange 000000000000 OOO
ggd

gooo

Einstem U0 OO0DOO0OO0OOO0OOOO0OOO mOOO0O0O DOODOO FOOODO pO
E=\/p2+m?A 0000000000

(a) pO000COOO0O000O0D0DOOCOOOOO0OOODODOO DOODODO EFOOO

O p'0
E
p’zv(p—ﬁc>
E = (E — Bpc)
v 1 ) /N2 2 4
oooooon ﬁ:z,y:ﬁmmmm 000 E?— (P =m2* 0000

(b DOODDOOODOD »0D0OD0ODDODOOOOOOOOOOO MO Doppler 00O OO
gboobooobon

(Hint: The momentum p of light can be written as p = X where h is a constant.

Note that the mass m of light is zero. )

24



5.

6.

00 (Charge) e 000000 m OO00000 (Electromagnetic field ) 0000000
0 O Hamiltonian H O (Note: we put the light velocity ¢ equal to unity )

1
H: %<p—€A)2+€¢

O0000000000AD ODO0O0OD0OO0D0O00O0O000 (Magneticfield) BO B=V x A

OO00bdb0eU0bOODO0OODbObDObDOOD EDE:—Vqﬁ—%?DDDDDDDDD

(a) Hamilton 00000
mit =eE + e x B

. dA  OA
0000 Hint: —- =~ +(-V)ADDDOO

1
(b) Lagrangian O L:§m1"2—|—er‘-A—e¢DDDDDDDD Lagrange 00 OO0 OO
0000000, (00000000000

000000000ooD :00000000D00 E=(—-£,0,0)0000000000
000 B=(0,03)0000000000000000O0O0O (0O, —e0DD0ODODODO
goo

() 00000 BOODO 0OO0O00 000000AOO0OOO
() 00000 E0ODODOOD OO0OD 000000 ¢00000
(c) 00000 Lagrangian 00000000000000

(d) 000 ¢t=00 a=y=0 d=1vy, y=v, 000000000

@

X @B

25



00000 No. 10

1
1. Lagrangian O L = §mi‘2+ei'-A(r,t)—e¢(r,t) DO00DO0DoDOooooogd

A'(r,t) = A(r,t) — Vx(r,t), ¢ (r,t) = ¢(r,t) + 0

O000000000ooooooooU0OoUd x(rpp)Or0¢t00O0OODOOODOO

2. 000000000, —-e00000 F=-muir0000000000000O0O00O00OOO
O0mOooon

() 0000000000000 B=(0,0,B) 00000000 Lagrangian 0000

(b DOODOO
m¥ = —mwir — et x B

gboboobooogbod

3. UbbOooogbbobuoooobboood
gboooogooobod noobboogon

(a) OOOO (r,e,2z) 0000
00000 Lagrangian 00O OO

(b) ,O0OOODODOODDOOOODOODO
z, o OOUODOOODDOODODDODODOOODOOO
oooob 000000000 M,0OO0D0DOODOODOODO

(¢ DODODOOODDOO EODODOOODOOOOO

1 M?2
E=-m|z#*sec?a+ ——=— | + mgz
2 ( m2z2tan? o g

(d) 0000000000000 00DDDO0O0OO000000OODDOOOD z=h0
dgbbbob00uoogbobobooaob

1
3= ﬁ(h —2) (2922 — %z — v2h) cos? o

gbobobooodgn
(e) 00O DOUODOOOOW=¢ghO0O0O0O0O00O0O0OOOO

26



h
(f) r =R 000000D0CDOOOT=2m/———00000O0O0O0OO
3g cos? a

4. 0000 S,¢,2), 0000 S(z,y,z) 0000
OO0O0D00O SO 00000000000

(a) OO0 000000 &9, 0
000 SOoooooood «,.,y,,2,000000
z, =i’ cosg + 7 sin
Y = —i'sing 4+ 9 cosp
2y =4

D00000 SOD00000 0000 w=(0,0,¢)00
I =T+ w Xr

oooo

(b)) 0000 0000000000000 |#|=#|0000
0000000 S000000000 Lagrangian 00 00

L=im(i+ w xr)? — U(r)

gboboboooobobbooooboobn
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5.

6.

gobbbuoogbb»nbooobboboooobbbuooobobobod

00000000 R=64x10° mO00000 (X,Y,Z) 00000 Z200OO0OOOO
0 wO0O0O0OOOOOOO0OOooOOoOo («,y,2)0000

Z@»
N 2
g
2) 000 (,y,7) 00000000 O\
Y x \
/
\
VAN ') -/ 2./ —— "’\5
mi = F', + 2mwy + mw —
N | i Y
mij = F', — 2mwi’ + mw?y’ X ‘ “ //
m,é:l = F/ | /”/

gdouoooodgo
(b DOODDOOODOODAMODOZ -2 00y 00
(z-¢) 000000000 (2,y,2) O
ooo («,y,7)0000
r=1a'sinf — 2’ cos b
y=y
z=1a"cosf + 2'sinf — R
oo
(¢ 00O (zr,y,2) 00000000 DODOOOOOOOOOODOO

mi = F, + 2mwysin 0 + mw?z sin @ + mw?(R + 2) sin 0 cos 0

mij = F, — 2mwi sin § — 2mw? cos  + mw?y
mz = F, 4+ 2mwy cos 0 + mw?z sin 0 cos § + mw?(R + 2) cos® 0

(d) 0DO00000O0O0O000O0O0O00D0O0OOO000DOOoO0OoooDoOoOOoOooDooDOo
god

U muood z.—00gobbbbuoooogobbibt 2=2—00 .~000000
U0 wOOo0boObOdd—00bboobboobbooboonoboboooonboba
O00¢t=00 z=00 z=0o0000
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1.

00000 No. 11

goooboobobbdob RO boobooboobobboobooboobooo
DoOobo0obo0boobuoobU0 ry000000D00 Lagrangian [

1 .
L= ZimN(RA— w Xry)?
N

1 . .
= > {5maR® +myRe @ xey + fmy(w xry)’)
N

=LW+L® 41O
0000000000000000000000000

() 0000000000000 (Hint: R = v is a constant. )

() DOO0O0OO0DDDDO L®=0000000000

1
(c) LB = ng]\[(w%?v —(wry)?) 0000

N
(d) L® 00000000

LB — ; / p(0) (W2 — (w 1)2)dr

DDDDDDD/p(r)d?’r:M:DDDDD.DD,I':(xl,xg,xg),w:(wl,wg,wg)
godgd

1 3

L(g) :i Z Iz-jwiwj

ij=1

goboboogoooboo
Iij:/p(r)(r%ij—xixj)d?’r
0000000 (Moment of Inertia) 0 0 00O
godg ooob MOODOODDOODOD v=wxrOO

M = [p(r)[r X (w xr)]d®r

gooo

M;

|
Mw

Iijwj
1

<.
Il

gooo
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(b 0ODDOODOODDOOOOOU0OOM, =Lw;, 0000000000 0ODOOOO0ODOO
DD(Hmt Note that I”:[ﬂ)

(¢ I00D0D0O00O L,I,,5000L, L0000 wO0O0 w®, 0@ 00000
L#ALOOOOw® O w® 00000 (w® - w® =0)00000
3. 0000000000000000D000000000 MOOOO

() 00 ¢0 0000
(b) 00 ROO
(¢) 00 R,00 AOOO
(d) 00000 a b, c0000
e)

)

00000 a,b,c0000

f)y DO0D0O00 a0

(
(
4. U000O0OO0OO0OoobDbObOoooOobobod

OO0 mbO OO0 /¢0D0D000O0O0OODOODO

() 00000000 0O0OOODOOOOOOOODOO

(b) 0000000 (2,y) 00000
00000000000 Tey 00000

(¢ DODODODOODODOOOO TR OOOOO
(d) D000 Lagrangian 0 0000000000 OOO
(e 00000 ¢=¢500000000000000

5. Ubouooobbbuoooobboood
oobo0oOoOoOooOobOoboboobog
OO00OO0b¢DODOOODOODOODO
Dooboobooodoboo Mg

v

(a) 0 ADDoOOUoOoOODOO I,O0O0OODOO
(b) O A O Lagrangian L, 00000

(¢ 0 BO OO 0OOUOODO ODO0O0OOODOOOOOODOODODOOOODODOOOO
O B O Lagrangian Ly OO QOO0

(d) 000000000000
000 Lagrangian 000 00 O00O000000 L=Ls+ L @
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6. 000000O00C0OD0O0O000O0C (X,Y,2) 000000000 (21,20,23) 0000
XYZOOOOO 21,20, 000000000000 Euler O (6,0,4) 0000000
oooo

(a) 000 60 ¢ 0,202 00000000000

(b) DDDDD0O0 wl x,20,23 00000
w) = @sinfsint + 6 cos
wy = psinb costy — fsiny
wy = pcosh + P
goooooooo
() 00000 LL=L#1;000
doooooooooobo FrOOO0OOO
(d) DODDDO0O0OOLagrange OO OODO
AL:%,A@:%DDDDDDDDDDD
(e) ZOO DODDODOD MOOOOOODO
(iie. My =M, Ms= M cosb)
0000000000 6 =const. 0000

() 00000 00 0000 #=000000
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1.

0000 No. 12

ggbobuoooobbboogoon
gboboboooobbooooon

(a) Lagrangian 0000000000000 mO
OO0oOO0obOOobOobOooooboooooo e
goboboogooboo
L=L#L0000

(b 0O0DODODOODOOONo.110 60
o0 M, M;OOOOOOODOOODOO

(c) p0¢ 0000000000

2

_ 1 212 My
E_QM+mw9+U@+2h

0ood
(M, — M3 cos 0)?
2(I; + me2)sin® 0

Ug) = + mgl cos 0

gbobobooogn
(d) DOOoOoOO0OO0O0OO00O0O0OooOoOooOOOOoOoOoOoOOn

0000 (Canonical transformation) :

t
(a)DD(Action)S: Ldt/DthDDDDDDDD
to
oL
0S = —90
S 8q’q

0000000 68q(t) = 0.

(b) 00000000000
gj:p, dS = pdq — Hdt, @:—H

Oddp= %, H: Hamiltonian.
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3.

4.

S:/(pdq—Hdt)D ¢0 p000000O000O0O00

Lon . om
- op’ dq

p,q 00 PQO P=P(pgqt), @Q=Q(p,q,t) 0000000000 Hamiltonian H' O

Hamilton OO 0O (¢

. OH' : OH'
O=9p =g

000000000000000 (Canonical Transformation) 0000
pdg — Hdt = PdQ — H'dt + dF
0000 FOOOO (Generating Function) 0 0 OO

() 0000
oF oF OF
2 p- Y gp_g+&
P=50 90’ o

nooo

(b DODODDOOD ¢=F+PUOOOOO

00 00 9P
_9% 0% g 9®
P=% YT ap * o
0000
() 000000000 (Phasespace) D00 000000000 DO
Hint: 5( )
q,p
dT = dgdp = dQdP
2(Q, P)

O Jacobian OO0 OO 0OOOOOODO Note:
d(g,p) _ 9d(g,p) (g, P)

0(Q,P) (g, P)o(Q, P)

() 00000 (¢,p) — (Q,P)0000000000000000O
(1) @ =+/2qcosp, P =/2gsinp
(2) Q = log(;sinp), P =qcotp
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5.

6.

Let us consider the following Hamiltonian with the momentum p

and the coordinate ¢ ,

1,1
H=-(=+pq").
2%2+pq)
(a) Derive an equation of motion for the ¢ in this system.

(b) Find a canonical transformation (p,q) — (P, Q) that transforms the above Hamil-

tonian into a harmonic oscillator Hamiltonian H’ = ~(P? 4+ Q?) . Prove that the
solution with the new variable satisfies the equation of motion which is derived

in (a).

Hint: The generating function is ¢ = —.
q
Hamilton-Jacobi 0 O OO

oS

oS
5, tHep)=00000 p=—- 000000000000 $000000000
q

O00O0000 Hamilton-Jacobi O OO OOOO0O

() 00 S00000 S=f(t,q,) 000000000000 0000000000
a0000 OO0 ODOO0OOO0OO0ODOO0ODOO pO0O0O0Op,q00 ,pO00000
- of of aof

= — = — H/:H _
P=o0 P a0 o
OooooooUuoooUooooUoono H'=o00UOooO

(b) D0 DO000000000000000O0@ = const., §=const. 0000000

5= gonooo
Ja

(¢ 0O OO0 (Harmonic Oscillator)

2
p 1 2 2

H=— 4 -
2m—|—2qu

0000 Hamilton-Jacobi OO O OOOOODOOOO

Hint: Inserting S = —FEt + Sp(q, F) into the Hamilton-Jacobi’equation, one can
obtain an equation for the Sy. Then, the equation

oS
[l a—E? =t + const.

can determine the motion of the particle.
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1.

Juooggdood

0000 Newton 000 mi=F(e,t) 00000

(a) Galilei 0O o/ =z +ot, ¥ =t0v000)00000000
(b) =z +¢gt?>,¢=t000000000000

O000O0 Maxwel DO OOOOOODODOO

10B

E+ 2= —

V x +c@t 0
V-E=0

VxB—la—Ezo
c Ot

V-B=0

() 0000 OD0OO0O0OO0 A,0000 ODDODOOOO ¢oOODOOO

10A
E=— _
ve c ot’
B=VxA
O0Ooon0 A,¢0O
(V2 — lai)A =0 (1)
o’
2 1O
(V c2 8t2)¢ =0 (2)
10¢
\Y —1—0(% 0

O00000O00O0OE,BOO Maxwel DOODOOOOOOOOODOOODO
(b)y O (1) (2)0 Galilei OO (¢ =2,y =y, 2 =2+, =t) 00000000000
(c) O (1) (2)00Lorentz 00 (2/ =,y =y, 2 =y(z—vt),t' =y(t— %2), v = ——,

1—vs
2

cO000)00D00OC0OOOOOO0O
(d) Newton OO0 OOOLorentz 00 000000000000



ot

goooo

(a) Lagrangian L(z,2) 00 0000000000000 0OO

(b) Lagrange equation 0 O 0O O

gooo
(¢ L=T-UD0000000D0DO OO0 OOOO

Atwood’s machine

(a) Obtain a Lagrangian for Atwoods’ machine.

(b) Obtain the equation of motion and solve it.

000000 mUOOO0O Lagrangian

m2it

12

00000000000 0000VOIO0O00000000dg «z¢)000oooooo
gbooboogoboboboooobon

L =

+mi?V(x) — V3(x)

O00000O0ONo. 2000 O Lagrangian OO OOO0OOO

(a) Lagrangian 000000000 0OODOO
(b DODDODDOOOODOOOOOO

(¢ DOOODOOOODOOODOOOOD EKODODDOOODOOODOOO
0000 Lagrangian OO0 O0O00O0O0OOOOO

(d) DOOOO0O0O0O0D0D0D0O00O0O0ODOOO0O0O0DO0DO0DOODOOODOOO

0 Note: This problem cannot be solved analytically. Those who can use a computor

should make a numerical computation of this problem. [

U0 ROODODOOODOODODOOODODr»r<ROU=oc0,r>ROU=0000000
gboobuoodgoboood

Lagrangian 00000000000 O0O0OOOO0O0ODOOOO0ODOOOOOODOOOLa-
grangian L(q,¢,d) 000¢ O ¢ DOO00D0O00O0OO0O00ODOOD0OOOOOOOO Euler-
Lagrange equation U [0 [J [

d*> 0L d oL 0L
w'oq) " a'og) "o ="

000000000 Lagrangian [

il



10.

m 1
L:—f .._7]{;2
2(](] 5 q

gbobobuoooobbbuogobobboooobobouoooobobogad

000 o(r,t)=00000000000000000000000000C0O V(r)OOO
gbuodgboobobbbbodbuogbbobobooboobboobdaoboobbo
gboboboooobbbugobooboogobobuoooobboag

Hint: The Lagrangian with constraints can be written with the Lagrange multiplier \ as

L = LQ +)\O'<I',t).

0000000000000000000000 mO00000000
000000 (¢1,¢2), (@1 +dqr,q2+dgz) 00DDDODOON

2
ds = (3" gijdaidg;)?

1,7=1

Dubodbdooooobdig; U g,  DO0O0O00 g5 =9, UOOOO
(a) 0000ooboooobob0O0Od Lagrangian OO0 OO OO0OO0OOOOOOO
(b) g; OO O0O04do

Zghigij=5hj

0000 ¢g®Oooooomoag y; 000oooooos00OO0OOOM
¢"D0 () 000000000000 :00000000000000

G+ ¢"TijrGige =0
ik

OO0ooooobooooooooor; o

_ } 9gij . Ogi  Ogi
bk = 2(3% * dq;  0q )

OO0000 Christofftel D0 OOOO0OOOO

il



1. 00
() 00000
a _ o, fletdn)—f@) . Af
dr — Az—0 Ax Az—0 Ax
(by 0ODOO
df (u(z)) _ df du ()
dx  dudz
**example:
flu) =u?, u(z) =e*
00 (¥ 00
00 0000000 flz)=w? = 00 Uz _ 9e2
(c) 00O
of(x.y) =[y0000z00000]
ox
**example:
f(ff,y) — wnyn 8fg;71/) — nl‘nflyn
(d) oooO

fx(t),y(t),t) 000

& _ofdr  ofdy  of

dt — Oz dt +5ydt T
*rexample:
fa(t),y(t),t) = a®y?e
T =sint, Yy =cost
00 (%00
4 = 2zy%e™ cost — 2yaxe® sint + ax?y’e™
= sin 2t cos 2te™ + fa(sin 2t)%e™
U0 o0oooooo
f(x(t),y(t), t) = sin®t cos® te™ = 1(sin 2t)2%e*

Z—f; = sin 2t cos 2te™ + {a(sin 2t)%e™

(%)



du = %d:v + a—ydy (%)
dv = gvd:v + g;dy (%)

Eriale b il e

o _mo oo
dy Oydu Oyov

3. Grassmann O [
a,b 0000

axb=—bxa (*)

OO000000O00bOO0o0DbOoo0bOOoDooooooo
00 du,dv 00 Grassmann 000000000000

ou ou ov ov
duxdv = (%d:ﬂ + @dy) * (a—xda: + @dy)
Oudv  Oudv
= (%873/ - a*y%)dﬂf * dy (%)
oudv  Oudv

7" ooy ayor

J O Jacobian OO OO

<
I

v ov

‘ ou ou
ox oy

ox dy | (*)



+ O0O0O0

(a) example: (z,y,2) — (r,0,9)

xr = rsinfcos¢
y = rsinfsing
= rcosf

dr = sinfcos ¢dr + r cosf cos pdf — rsin 0 sin pdp
dy = sin@sin ¢dr + r cos  sin ¢df + r sin 0 cos pdp
dz = cosfdr — rsinfdf
dr = sinfcos ¢dx + sin @ sin ¢dy + cos 0dz
rdfd = cosfcosodr + coslsin ¢pdy — sin Odz
rsinfdy = —sinodxr + cos ¢dy

O000 Jacobian J OO OOO
(O0): J=r*sind
(b) example: 00000000000 A=V-V

0? o? 0?

A= mtaptae
190 ,0 1 1 0 0 1 0?

A = S+ = —sinf— 4+ ——5-—
2or or + r2 sin 6 00 Sme@@ * 2 sin 6 2 ()

A = lg 2+l872+072 (*)
= ror or r20¢?  0z?

(c) example: 0000 (ds)?

oooooo : (ds)? = (dx)® + (dy)* + (dz)* (%)
ooo: (ds)?* = (dr)* + (rdf)* + (r sin 0de)* (%)
oooo : (ds)* = (dr)* + (rdf)* + (dz)* (%)

A~~~ I/~ —~ —~ —~
(=)

P N N e N D S N N g

—~
—_
[\



(d) Taylor OO

fx+h) = f(x)+ f(2)

**example:

(1+ )

v+

1+
In(1+ x)

sinx

COS T

*Tuler 0 OO

]. 1"

1
ht S f (x)h2+~-+af(”)(x)h”+~-'

1
1+ozx+§oz(oz—1)x2+-~ (*)
1 1
l—z+a22—23+--- (%)
1 1 1
x—§x2+§x3—1$4+--- (%)
1
1+x+§x2+--- (%)
L3y (%)
x_fx P
6
1 2 4+ (%)
_7:E P *
2

= cosf +isinf (%)

Taylor 000000 Euler 000000000

(16)
(17)
(18)
(19)
(20)
(21)

(22)



. oo

Definition:

Loow=
“a T ar

(a) example :

i+ w?u =0 (%)

(0): Put u = e*. Then

(a® + w?)e™ =0

a = +iw
Therefore, u has two solutions.
—lw

u=e"“ e

A general solution must be a linear combination of the two solutions.

u= Ae" + Be ™

From Euler’s formula (e = cosf + isin ),

u = A'sinwt + B’ cos wt

Note: A, B, A" and B’ are arbitary constants which should be determined from the
initial condition.

(b) example :



(c) example :

Linear Differential Equation:

d™u du

ap——+ -+ a— +au=0
g g T

(0):

Put u = e** . Then

a, " + -+ aa+ag=0
The solutions are
up = et ..y, = et

Therefore, general solutions are

u=cre™ 4 .-+ cpen

Here, a,, are roots of the equation.

6. 0O 0OO
Definition: a = (a1, aq, -, a,)
*OOooooooogo**
*OO* a-b=ab, +ayb, + a.b,
*00000% O (a-b) =alb, + alb, + atb.
*[] [ *

ex €y €,
axb = |a, a; a; (%)
by b, b
= (ayb, — aby)ex + (ab, — a,b.)ey + (ayb, — a,b,)e,

*DOO*|al=,/a2+al+ a2

(*)



7.0

*n00000* A={Ay},i=1,---,n j=1,--,n
*MOooo* (A%, = A}

*oooo* (At)ij:Aji

*00000*  (Ah; = 43

*0000000 * A=A

*Ooo *

det<A) = Z 6(ml---mn)AAlml T Anmn (*)
P

where €(,...;m,,) is +1 for even permutation and —1 for odd permutation.

det(AB) = det(A)det(B) (%)

*Wooo Tr*

TrA = Zn:Aii (%)

=1

ok [ Kok
Tr(AB) = Tr(BA) (%)

det(A) = exp(Trin A) (%)

oono Assume that A depends on z, and make its derivative.
e T dA(zx);; _ dA(x)i; _
MAAD) — 37 Ay A = 575 det(A(w)) (A7) P24 = det(A(x)) Tr(A44)

By putting A(z) = e*P with B a constant matrix, we obtain

7ddetd(;w) = det(e*P)Tr(e *Be®B B) = det(e®?)Tr(B)
This differential equation can be solved easily with the following solution,
Indet(e*?) = 2Tr(B) + C. From z = 0, we find C = 0.

Thus, we obtain det(e®?) = e*T*(B) |

By putting z = 1 and A = e”, we find det(A) = T4



s Juooooogog

Au = au
a: JO0O w gggg
Fu T
Ug
u =
| Un |
ogooog
ZAijuj:aui
j=1

RO DDODODOOO

<
—

M-

<
Il
—

Here ;5 is 1 for « = j and 0 for 7 # j.

(Aijuj — CLU,L'> = O

(Aij — aéij)ui =0

(*)

(%)

000w 0000000000 000w 20000000000

det(AZ-j - a5ij) =0

(%)



*xk[] [ %k

** Any eigenvalue of Hermite matrix must be real. **

(0):

(u, Au) = a | u [*= (A'u,u) = (Au,u) = (au,u) = @ | u

Therefore, we obtain a = a* which means a is real.

** The determinant of any unitary matrix is 1. **

(@):

det(UTU) = 1
On the other hand,

det(UT) = Z €(m1“~mn)A:nll ce A*mnn

P
= €mmn Amir - Amn)”
P
= (O €tmpmm)Atm, -+ Apm,,)* = (det(U))*
P
| det(U) |*=1, | det(U) |= £1

oood
Using the identity

(f9) =fg+fg

Putting f = F,

/ng:v = fg—/fg’dl“ (%)

Frexample™*

/lnxdx:xlnx—x—C



